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Abstract

Partially observable Markov decision processes (POMDPs) formalize sequential decision making
in a stochastic environment, where the decision maker (agent) cannot fully observe the state of
the environment. Decentralized POMDPs (Dec-POMDPs) generalize this to a multi-agent setting,
where each agent locally decides which action to take, and each agent receives local observations of
the state. As such, Dec-POMDPs provide a way to model settings where multiple agents cooperate
to achieve a common goal, but where communication is costly or ineffective.

In this thesis, we present three algorithms that advance the state-of-the-art in exact and ap-
proximate Dec-POMDP solving. These algorithms build on multi-agent A∗ (MAA∗), an algorithm
that finds policies by exploring a search tree. In our algorithms, we use a novel small-step vari-
ant of the search tree, which has a constant rather than a double exponential outdegree. The
first algorithm, recursive small-step multi-agent A∗ (RS-MAA∗), is an exact algorithm, for which
we introduce tight, recursive heuristics that can be computed on-the-fly. The second algorithm,
policy-finding multi-agent A∗ (PF-MAA∗), is designed to find good policies for high horizons fast.
Key ingredients for PF-MAA∗ are (1) using clustered sliding window memory, (2) pruning the
A∗ priority queue, and (3) using novel heuristics tailored to policy-finding. The third algorithm,
terminal reward multi-agent A∗ (TR-MAA∗), aims to find upper bounds on the optimal value for
high horizons. For this, we propose a tight, scalable heuristic which periodically reveals the state.

Our experiments show excellent performance of all three algorithms on a wide range of standard
benchmarks. We extend the horizon for which exact solving is possible on all hard benchmarks.
In addition, PF-MAA∗ finds superior policies for several benchmarks for high horizons, while
TR-MAA∗ certifies the near-optimality of these policies by finding close upper bounds.
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1 Introduction

Sequential decision making studies agents that repeatedly make choices regarding how to act
in a changing environment. With the rise of autonomous agents such as robots and drones, the
influence of this subfield of artificial intelligence on daily life continues to grow. Proper functioning
of such drones is sometimes a matter of life and death, for instance when they are deployed in a
search and rescue operation [Lyu et al., 2023].

There are several challenges that drones (also known as unmanned aerial vehicles, UAVs) face
in a search and rescue operation [Waharte and Trigoni, 2010]. Firstly, when surveying an area,
the UAVs use sensory data to detect whether there is a victim at that area. Of course, it is crucial
to prevent false negatives, i.e. missing victims. At the same time, also false positives should be
avoided as they lead to the costly and risky deployment of a human rescue team to a location
without any victims. Secondly, battery sizes put limits on the amount of energy that UAVs can
use. To save energy, a possibility is to make a landing and have the UAV remain idle for some
time while searching. Thirdly, the UAVs have to avoid environmental hazards, such as trees and
buildings, while taking into account (stochastic) weather conditions such as winds.

These aspects of a search and rescue operation using a UAV can be modeled using a par-
tially observable Markov decision process (POMDP) [Chanel et al., 2013; Eaton et al., 2017]. In
general, a POMDP models sequential decision making in a stochastic, partially observable envi-
ronment [Kaelbling et al., 1998]. The environment is modeled using a state. In the UAV context,
the state for example describes the location of victims and the location and battery level of the
UAV. The state changes stochastically as a result of an action that the UAV takes. For example,
the UAV can fly in a particular direction, but its new location is stochastic due to the wind. In
addition, the state is partially observable. In particular, victims can only be observed if the UAV
is sufficiently close to them, and even then, there is a chance that the UAV misclassifies its sensory
input as not containing a victim while there is a victim, or conversely. However, the UAV does
observe its own location (at least, if the GPS is working) and its own battery level. Finally, there
are rewards and costs (modeled as negative rewards), describing the performance of the UAV.
For example, there is a large reward for finding victims, while there are costs for running out of
battery, crashing into a tree, and reporting victims which are actually not there.

Further complications arise when multiple UAVs are used at the same time. Firstly, the UAVs
have to coordinate their actions. For example, when two UAVs are close, they should be careful to
not crash into each other or block each other’s view. Secondly, communication between UAVs may
be costly or even impossible, for instance due to battery usage or limited network connectivity.

A multi-UAV search and rescue operation can be modeled using a decentralized POMDP
(Dec-POMDP) [Zhu et al., 2021]. In general, Dec-POMDPs can model POMDPs with multiple
agents (decision makers) where communication is difficult or lossy, but where the agents aim to
achieve a common goal [Oliehoek and Amato, 2016]. In particular, agents receive their own local
observations of the environment and have to decide locally which actions to take. Communication
is only possible if this is an explicit action. In the UAV context, each of the UAVs takes actions
based their own sensory input and the scarce messages they may receive from other UAVs.

However, before the operation starts, a (centralized) planner can coordinate the actions of the
UAVs, for instance by dividing the search area into several regions and assigning a specific region
to each UAV. In addition, the planner can decide on rules when the UAVs should communicate
and how other UAVs should act upon receiving messages of other UAVs. In this way, the UAVs
are each provided with a local policy describing how to act given a particular history of sensory
inputs and received messages. Together, these local policies form a joint policy. The goal of the
planner is to design a joint policy that yields the largest expected reward (also called value) over
a fixed number of time steps, called the horizon. Such a joint policy is called optimal.

The goal of this thesis is to solve the problem of the planner, i.e., to find a joint policy for
a Dec-POMDP that yields the largest (or at least, a large) value over a given finite horizon. In
short, we search for good or optimal policies using an A∗ algorithm [Hart et al., 1968], which is
a search algorithm that uses heuristics to steer the search in the direction of good policies and to
prove that particular groups of policies cannot be optimal.

6



Problem definition. We now define the problem that we aim to solve in this thesis a bit more
precisely. In fact, we aim to solve two related problems. The first problem is solving Dec-POMDPs
exactly over a finite horizon. An exact algorithm for solving Dec-POMDPs must guarantee that
the policy that it provides is optimal, i.e. achieves the largest value among all policies. The
second problem is solving Dec-POMDPs over a finite horizon approximately with guarantees, i.e.
providing a policy and an upper bound on the optimal value. Using the upper bound, we can give
a guarantee on the quality of the found policy in comparison to an optimal policy.

We note that the decision problem underlying solving Dec-POMDPs exactly over a finite
horizon is NEXP-hard [Bernstein et al., 2002]. This means that in practice, exact algorithms take
double exponential time in the worst case. In addition, also solving Dec-POMDPs ϵ-optimally is
NEXP-hard [Rabinovich et al., 2003]. Hence, also providing a policy and an upper bound such
that the value of the policy and the upper bound are always at most a factor 1− ϵ apart for some
fixed ϵ > 0, is intractable in the worst case. Nevertheless, in many practical cases it is possible to
exploit structure to do better than these complexity results suggest.

Algorithms. To solve these problems, we introduce three algorithms for solving Dec-POMDPs
in this thesis, building on multi-agent A∗ (MAA∗) [Szer et al., 2005]. The first algorithm, recursive
small-step multi-agent A∗ (RS-MAA∗), is designed to solve Dec-POMDPs exactly, i.e. to find an
optimal policy. The second algorithm, policy-finding multi-agent A∗ (PF-MAA∗), aims to find
good (but not necessarily optimal) policies for high horizons fast. The third algorithm, terminal
reward multi-agent A∗ (TR-MAA∗), in turn aims to compute upper bounds on optimal values for
Dec-POMDPs for high horizons. Together, the latter two algorithms form an approximate solver
with guarantees. We proceed by introducing each of these algorithms in more detail.

Multi-agent A∗. Classical multi-agent A∗ (MAA∗) [Szer et al., 2005] searches through the
space of partially specified policies (hereafter: partial policies) by incrementally fixing actions for
a particular time step (called a stage), for all agents and all observation histories at once. The
search carried out by the A∗ algorithm can be represented using a search tree, whose root is the
partial policy that does not specify any actions and where the children of a partial policy are
the partial policies that specify actions for an additional stage. The leaves of the search tree are
fully specified policies. Since the number of observation histories is exponential in the stage t, the
outdegree of this search tree is double exponential in the stage t. In particular, the running time
of classical MAA∗ is always double exponential in the horizon h.

Our first insight is that this double exponential outdegree can be avoided by only fixing one
action of one agent at once. This leads to a constant outdegree, at the cost of increasing the height
of the search tree from linear to exponential in the horizon h. We call this novel search tree the
small-step search tree, and the corresponding algorithm small-step multi-agent A∗. Small-step
MAA∗ is the basis for all three of our algorithms.

Finally, we note that any MAA∗-variant uses a heuristic that assigns a value to partial policies,
to decide which partial policies to explore next. Such a heuristic for a partial policy should be an
upper bound for the value of any fully specified policy agreeing with the partial policy. In that
case, if a heuristic value of a partial policy is smaller than the value of a found policy, we are sure
that that partial policy cannot have any descendants better than the found policy.

RS-MAA∗. Recursive small-step multi-agent A∗ (RS-MAA∗) is our exact algorithm. Besides
the small-step search tree, the main ingredient for RS-MAA∗ is the use of tight, recursive heuristics.
In the context of A∗, heuristics should overestimate the value of the best policy among a group of
policies. Existing heuristics in the literature overestimate the value by assuming that agents can
use all joint observations or all but the last joint observation to decide how to act, rather than
only their own local observations. Instead, our new heuristics correspond to revealing a small,
fixed number of joint observations. We solve the corresponding problem by recursively solving
Dec-POMDPs with a smaller horizon. To make this more scalable, we exploit the anytime nature
of A∗ algorithms, which allows for returning an upper bound on the heuristic value at any point.
In addition, we reuse the lossless clustering introduced by Oliehoek et al. [2009], which allows
grouping together local observation histories without loss in policy value.
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PF-MAA∗. Policy-finding multi-agent A∗ (PF-MAA∗) is our policy finding algorithm. A first
challenge that PF-MAA∗ must address is that the size of policies, when presented as functions
of the local observation history, grows exponentially with the horizon. To limit the size of the
policies in our search space, we consider policies that only use the last k local observations to
decide how to act. Our first contribution for PF-MAA∗ is the development of a lossless clustering
of these windows of k observations. Secondly, to limit the time spent searching, we only expand
the most promising partial policies, and prune other partial policies. Thirdly, we introduce novel
heuristics, designed to guide the search towards the best policies.

TR-MAA∗. Finally, terminal reward multi-agent A∗ (TR-MAA∗) is our algorithm that finds
upper bounds for high horizons. TR-MAA∗ also reuses lossless clustering [Oliehoek et al., 2009].
However, the recursive heuristics used by RS-MAA∗ are often too expensive for high horizons. To
make the heuristic more scalable, we periodically reveal the true state of the Dec-POMDP.

Applications. We have seen the application of Dec-POMDPs in the context of multi-UAV
search and rescue operations. Other applications of Dec-POMDPs include wireless sensor net-
works [Zhang et al., 2015], bandwidth allocation [Hemmati et al., 2015], decentralized computation
offloading [Tang et al., 2020], and maintenance problems [Bhustali and Andriotis, 2023].

Although this thesis makes significant contributions in making Dec-POMDP solving more
scalable (especially with respect to the horizon), real-world applications typically remain too
large. The main reason for this is that the number of states of Dec-POMDPs used to model
practical applications is usually very large.

1.1 Contributions

We now discuss the concrete contributions of this thesis. First, we note that the results presented
in this thesis are based on the results reported already in two conference papers [Koops et al., 2023;
Koops et al., 2024], of which I am the first author. However, the thesis provides a more thorough
description, and also some new results. In Appendix C, we provide an overview of the relation
between this thesis and the papers.

We can categorize the contributions in our algorithms into three main areas. Firstly, concise
representation of policies, using clustering of observation histories. Secondly, the search algorithm
used to explore the space of policies. Thirdly, heuristics used in the A∗ search.

Clustering. For clustering, our contribution lies in developing a lossless clustering for sliding
window memory, similarly to the lossless clustering introduced by Oliehoek et al. [2009].

Search. Our primary contribution in terms of search lies in the small-step search tree. In
addition, we developed two methods to optimize the search in the last stage of the Dec-POMDP.
Finally, we present queue pruning methods for PF-MAA∗.

Heuristics. We first provide a general framework for defining heuristics. The general idea of
these heuristics is that agents receive additional information to decide how to act. In particular,
we use this framework to define the recursive heuristics, which are the tighter than heuristics
currently available in the literature, and terminal reward heuristics, which are tight and scalable.
In addition, we develop heuristics tailored to policy-finding.

Empirical results. We implemented our algorithms in Python.1 RS-MAA∗ achieves superior
performance compared to existing exact solvers. In particular, to the best of our knowledge, RS-
MAA∗ is the first exact algorithm to scale to horizon 12 on DecTiger (an improvement from
6) and to horizon 9 on Mars (an improvement from 4). In addition, PF-MAA∗ finds superior
policies for several benchmarks, whose quality is certified by the upper bounds from TR-MAA∗.
In particular, for BoxPushing with horizons up to 100, we find policies with values that are only
0.5% smaller than our upper bounds.

1Source code and scripts to reproduce the results are available at https://zenodo.org/records/13374100.

8

https://zenodo.org/records/13374100


1.2 Overview

We now provide a brief overview of the sections in this thesis. Section 2 introduces background and
discusses related literature for (single-agent) POMDPs. Section 3 introduces Dec-POMDPs and
formally defines the problems that we solve. Section 4 discusses clustering of observation histories.
Section 5 explains how we search through the space of policies, and in particular the MAA∗

algorithm. Section 6 introduces a general framework for defining heuristics. Section 7, Section 8
and Section 9 respectively explain the algorithms RS-MAA∗, PF-MAA∗ and TR-MAA∗, and in
particular the heuristics used by these algorithms. Section 10 provides an empirical evaluation of
the algorithms. Finally, Section 11 discusses related work and Section 12 concludes.
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2 Partially Observable MDPs (POMDPs)

In this section we introduce partially observable Markov decision processes (POMDPs), and give
some background on algorithms for solving POMDPs. We assume that the reader is familiar
with MDPs and the value iteration algorithm for MDPs, but provide a brief recap in Section 2.1.
Section 2.2 introduces POMDPs, and Section 2.3.1 explains how to solve POMDPs using the belief
MDP. This provides the background that is directly used later in this thesis. Section 2.3.2, 2.3.3,
2.3.4, and 2.4 provide additional background on POMDPs, which can be useful to appreciate the
differences in algorithmic approaches and complexity between POMDPs and Dec-POMDPs. For
more background on POMDPs, we also refer to the book chapter by Spaan [2012].

2.1 Markov Decision Processes (MDPs)

Markov decision processes (MDPs) [Bellman, 1957; Puterman, 1994] are the standard formalism
for sequential decision making in a stochastically changing environment. As shown in Figure 1, an
MDP models a decision making loop involving an agent and an environment. In each stage, the
agent takes an action, which causes a state transition in the environment. The agent then learns
the new state and also receives a reward based on the (old) state and the action taken.

Æ agent
policy π

� environment
(+ state transition)

new state s

L reward

s action a

Figure 1: Schematic representation of a MDP

We now turn to the formal definition of an MDP. Let ∆(X) denote the set of probability distri-
butions over a finite set X, i.e. the set of functions p : X → [0, 1] satisfying

∑
x∈X p(x) = 1.

Definition 2.1 (MDP). A Markov decision process (MDP) is a tuple ⟨S,A, T,R⟩ where

• S is a finite set of states,

• A is a finite set of actions,

• T : S ×A → ∆(S) is the transition function, and

• R : S ×A → R is the reward function.

We write T (s′ | s, a) instead of T (s, a)(s′). An MDP describes a system whose state changes
stochastically every stage. The MDP starts in some initial state s0. In each stage t, the agent
selects an action at. As a result, the state changes to st+1 with probability T (st+1 | st, at). The
agent is informed about the new state st+1 and receives a reward R(st, at).

Rewards based on the new state. In some problems, it is more natural to earn rewards
based on the new state rather than the old state. However, when maximizing expected rewards,
it is straightforward to transform rewards based on the new state to expected rewards based on
the old state. Let R′ : S × A → R denote the reward function based on the new state. Then we
can compute (expected) rewards based on the old state using the equation

R(s, a) =
∑
s′∈S

T (s′ | a, s)R′(s′, a).
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Policies. We consider finding a policy for an MDP for a given finite number of stages (time
steps) h, called the horizon. Since we consider MDPs with a finite set of states and a finite set of
actions, there exists an optimal policy which is Markovian and deterministic [Puterman, 1994]. A
Markovian (or history-independent) policy is a policy such that the action taken only depends on
the current state s ∈ S and the stage t ∈ {0, . . . , h − 1}, rather than on the full history of states
and actions taken previously. A deterministic policy is a policy such that there is only one action
corresponding to each policy input, rather than a probabilistic choice over actions.

Formally, a policy for an MDP is a function π : S × {0, . . . , h − 1} → A, which specifies for
each state s ∈ S and each stage t ∈ {0, . . . , h− 1}, which action a ∈ A the agent takes. The value
of executing a policy π for an initial state s0 over a horizon h is the expected reward:

Vπ(s
0, h) = Eπ

[
h−1∑
t=0

R(st, at)

]
,

where st and at are the state and action at stage t. The goal is to find a policy π that maximizes
the value Vπ(s

0, h), and to compute this value.

Value iteration. We now discuss how to compute (the value of) an optimal policy for an MDP
using value iteration [Bellman, 1957]. This algorithm computes the value of an optimal policy for
each initial state s and each horizon 0 ≤ t ≤ h using dynamic programming. For this, we use a
value function V ∗ : S × {0, . . . , h} → R, such that V ∗(s, t) is the value of an optimal policy of the
MDP for initial state s over horizon t. We initialize V ∗(s, 0) = 0 and recursively define

V ∗(s, t+ 1) = max
a∈A

[
R(s, a) +

∑
s′∈S

T (s′ | s, a)V ∗(s′, t)
]
. (2.1)

Note that V ∗(s, t) represents the optimal value when there are t stages to go. We now explain
how to compute an optimal policy π∗ : S×{0, . . . , t−1} → A after computing V ∗. When computing
π∗(s, u), there are t−u stages to go, corresponding to the computation of V ∗(s, t−u). Hence, we
should select an action that attains the maximum in (2.1) when computing V ∗(s, t− u), i.e.

π∗(s, u) ∈ argmax
a∈A

[
R(s, a) +

∑
s′∈S

T (s′ | s, a)V ∗(s′, t− u− 1)
]
. (2.2)

Since we compute O(|S|h) values and each computation takes time O(|A||S|), this shows that
computing the value function V ∗ can be done in time O(|A||S|2h), which is polynomial in |A|, |S|
and h. Since the total number of policies of an MDP |A||S|h is exponential in |S| and h, this is
an exponential speedup over brute force search. The main reason for this exponential speedup is
that in each stage we can choose an optimal action a ∈ A for a given state s ∈ S independently
from the choice for actions for other states in the same stage.

2.2 Partially Observable Markov Decision Processes (POMDPs)

Partially observable Markov decision processes (POMDPs) [Åström, 1965; Kaelbling et al., 1998]

capture the natural restriction that the agent does not (always) have full knowledge of the state of
the environment, but instead only receives observations of the environment. As shown in Figure 2,
a POMDP models a decision making loop similar to the loop in an MDP (Figure 1), but the agent
is no longer informed about the new state (i.e., the state after the state transition).

Instead, the agent receives an observation, drawn from a distribution depending on the new
state and the action taken, rather than being informed of the new state. The agent does not
observe the reward while executing the policy, since this could ‘leak’ information about the state
that the agent actually does not observe.
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Æ agent
policy π

� environment
(+ state transition)

ë observation o

L reward

s action a

Figure 2: Schematic representation of a POMDP

c

Æ

Figure 3: A POMDP on a 3× 3 grid.

We now give the formal definition of a POMDP.

Definition 2.2 (POMDP). A partially observable Markov decision process (POMDP) is a tuple
⟨S,A,O, T,O,R⟩ where

• ⟨S,A, T,R⟩ is an MDP,

• O is a finite set of observations,

• O : A× S → ∆(O) is the observation function, and

• R : S ×A → R is the reward function.

We write T (s′ | s, a) and O(o | a, s′) instead of T (s, a)(s′) and O(a, s′)(o), respectively. The
POMDP starts in the state s0 with probability b(s0) for some initial belief b ∈ ∆(S). In each
stage t, the agent selects an action at. As a result, the state changes to st+1 with probability
T (st+1 | st, at). The agent earns, but does not observe, the reward R(st, at). Finally, the agent
receives the observation ot+1 with probability O(ot+1 | at, st+1). We call τ = o1o2 . . . ot an
observation history, and denote the set of observation histories of length at most ℓ by O≤ℓ.

Policies. In a POMDP, a policy for the agent is a function π : O≤h−1 → A, which specifies for
each observation history τ ∈ O≤h−1, which action a ∈ A the agent takes. The value of executing
a policy π for an initial belief b over a horizon h is then

Vπ(b, h) = Eπ

[
h−1∑
t=0

R(st, at)

∣∣∣∣∣ s0 ∼ b

]
,

where st and at are the state and action at stage t. The goal is to find a policy π that maximizes
the expected reward Vπ(b, h).

Example. We now give an example of a POMDP.

Example 2.1 (3 × 3 Grid POMDP). We consider a 3 × 3 Grid POMDP. See Figure 3 for a
schematic representation. This POMDP has 9 states, each representing that the agent is in a
particular cell in the grid. The possible actions are staying in-place and moving in one of the
four directions: up, down, left, right. Staying in place is successful with probability 1. However,
the grid is slippery, and moving is only successful with probability 0.6, with there also being a
probability of 0.1 for moving in each of the other three directions or staying in-place. If moving in
a particular direction would cause the agent to go outside the grid, the probability for that direction
is instead added to the probability for staying in-place. The goal is to navigate to the top right
corner. Accordingly, the reward is 1 when the new state is the top right corner, and 0 otherwise.
The initial belief assigns probability 1 to the bottom left corner.

There are three observations, one for each column. Regardless of the action taken, the agent
is always informed in which column it is, but not in which row it is.
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To design a policy for this POMDP, also observations before the last one are potentially relevant
for deciding which action to take. For example, if the second last and the last observation differ,
then we know that the agent’s column changed, and hence the agent’s row did not change in that
move. This illustrates the need to take the full observation history as input for the policy.

2.3 Algorithms for Solving POMDPs

We proceed by discussing how to solve (i.e., compute an optimal policy for) POMDPs. We first
introduce beliefs and show how they can be used for policy evaluation. Then we introduce the
belief MDP, which can be used to solve POMDPs in exponential time. Finally, we briefly discuss
further (exact and approximate) algorithms for solving POMDPs.

Beliefs. In a POMDP, we can recursively compute joint probability distributions Pr(τ t, st) for
a given policy π : O≤h−1 → A. For t = 0, it holds that τ t is empty and that Pr(τ0, s0) = b(s0),
where b is the initial belief. If τ t+1 = o1 . . . otot+1, then we can recursively compute

Pr(o1 . . . otot+1, st+1) =
∑
st∈S

O(ot+1 | at, st+1)T (st+1 | st, at) Pr(o1 . . . ot, st),

where at = π(o1 . . . ot). For a given policy, there are
∑h−1

t=0 |O|t|S| ∈ O(|O|h−1|S|) pairs (τ, s), so
we can compute these probabilities in time O(|O|h−1|S|2). Using these joint probabilities, we can
also compute conditional distributions Pr(st | τ t), called beliefs (or state beliefs). Note that to
compute the probability Pr(st | τ t), we implicitly also condition on the initial belief and on past
policy (i.e., the policy up to stage t).

Belief updates. We now explain how to compute the belief Pr(st+1 | τ t+1) from the belief
Pr(st | τ t), the action at taken in stage t and the observation ot+1. We do this by showing in
general how to compute a posterior belief ba,o ∈ ∆(S) from a prior belief b ∈ ∆(S), the action
a ∈ A taken and the observation o ∈ O received. We only define ba,o if it is possible to observe o
when taking action a in a state in the support of b, i.e. if Pr(o | b, a) > 0.

Using Bayes’ rule, we can compute ba,o:

ba,o(s
′) = Pr(s′ | b, a, o)

=
Pr(o | s′, b, a) Pr(s′ | b, a)

Pr(o | b, a)

=
Pr(o | s′, b, a)

∑
s∈S Pr(s′ | a, s)b(s)

Pr(o | b, a)

=
O(o | a, s′)

∑
s∈S T (s′ | s, a)b(s)

Pr(o | b, a)

=
O(o | a, s′)

∑
s∈S T (s′ | s, a)b(s)∑

s′′∈S
[
O(o | a, s′′)

∑
s∈S T (s′′ | s, a)b(s)

] .
We formalize this as the belief update function:

Definition 2.3 (Belief update function). The belief update function corresponding to a POMDP
⟨S,A,O, T,O,R⟩ is the function {(b, a, o) ∈ ∆(S)×A×O : Pr(o | b, a) > 0} → ∆(S) which maps
a belief b ∈ ∆(S), an action a ∈ A and an observation o ∈ O to the belief ba,o ∈ ∆(S) defined by

ba,o(s
′) =

O(o | a, s′)
∑

s∈S T (s′ | s, a)b(s)∑
s′′∈S

[
O(o | a, s′′)

∑
s∈S T (s′′ | s, a)b(s)

]
if Pr(o | b, a) =

∑
s′′∈S

[
O(o | a, s′′)

∑
s∈S T (s′′ | s, a)b(s)

]
> 0.

We call computing a single updated belief ba,o also a belief update. Computing a belief update
can be done in time O(|S|2): computing O(o | a, s′)

∑
s∈S T (s′ | s, a)b(s) can be done in time

O(|S|) per state s′ ∈ S, so this takes time O(|S|2) in total. Computing the normalization constant
Pr(o | b, a) also takes time O(|S|2), but this needs to be done only once per belief update.
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Policy evaluation. Using the joint probabilities Pr(τ t, st), we can compute the value Vπ(b, h)
of a given policy π : O≤h−1 → A by iterating over all pairs (τ t, st) for each stage t:

Vπ(b, h) =

h−1∑
t=0

∑
τt∈Ot

∑
st∈S

Pr(τ t, st)R(st, π(τ t)).

This computation takes time O(|O|h−1|S|). Hence, this allows us to do policy evaluation in time
O(|O|h−1|S|2), including the time to compute the joint probabilities Pr(τ t, st).

Brute force search. We analyze the (time) complexity of brute force search, which enumer-
ates all policies π : O≤h−1 → A and returns a policy with the highest value. In total, there

are
∑h−1

t=0 |O|t = |O|h−1
|O|−1 observation histories, so a total of |A|

|O|h−1
|O|−1 policies. Hence, the time

complexity of brute force search is O
(
|A|

|O|h−1
|O|−1 |O|h−1|S|2

)
, which is double exponential in h.

2.3.1 Belief MDP

We now turn to the belief MDP [Åström, 1965; Kaelbling et al., 1998] corresponding to a POMDP.
Formally, the belief MDP is a continuous-state MDP, whose states are the probability distributions
over the states of the POMDP. The actions are the actions of the POMDP. Given a distribution
b ∈ ∆(S) and an action a ∈ A, the possible distributions the belief MDP can transition to are the
distributions ba,o (introduced in Definition 2.3) over the states conditional on observing the new
observation o ∈ O, if Pr(o | b, a) > 0. However, since different observations can lead to the same
belief, we should actually sum over all o ∈ O such that b′ = ba,o when calculating the probability
of transitioning to belief b′ when taking action a in belief b.

The rewards of the belief MDP are the expected reward according to the distribution b ∈ ∆(S),
i.e. R(b, a) =

∑
s∈S R(s, a)b(s). Together, this defines the belief MDP:

Definition 2.4 (Belief MDP). The belief MDP corresponding to a POMDP ⟨S,A,O, T,O,R⟩ is
the MDP ⟨∆(S),A, T ′, R′⟩, where T ′ : ∆(S)×A → ∆(∆(S)) is defined by

T ′(b′ | b, a) =
∑

o∈O:Pr(o|b,a)>0

1[b′ = ba,o] Pr(o | b, a),

and where R′ : ∆(S)×A → R is defined by R′(b, a) =
∑

s∈S R(s, a)b(s).

The main reason that the belief MDP is useful, is that its optimal value coincides with the
optimal value of the POMDP [Åström, 1965].

Theorem 2.1 ([Åström, 1965]). The optimal value of a POMDP ⟨S,A,O, T,O,R⟩ for a given
initial belief b ∈ ∆(S) and a given horizon h is equal to the optimal value of the corresponding
belief MDP for initial state b and horizon h.

Solving the belief MDP. We now discuss how to solve the belief MDP. In practice, only
finitely many beliefs in the belief MDP are reachable when starting from a fixed initial belief
b ∈ ∆(S) and considering a fixed finite horizon h. Identifying these beliefs allows us to solve
a finite-state MDP (e.g. using value iteration) to find the optimal value of the POMDP. We
now explain how to compute the reachable beliefs. For this, we consider all possible action-
observation histories (AOHs), which are sequences a0o1a1 . . . at−1ot describing the actions taken
and observations received. All relevant beliefs are now the beliefs that can be obtained by using
the belief update t times on the initial belief b ∈ ∆(S) with the action-observation pair auou+1

for 0 ≤ u ≤ t − 1 for some 0 ≤ t ≤ h − 1. In this way, we can compute all reachable beliefs by
mapping each AOH for 0 ≤ t ≤ h− 1 to a belief.

We note that we can also inductively extract an optimal policy π∗
P for the POMDP from an

optimal policy π∗
B for the belief MDP, stage by stage. For stage 0, we let π∗

P(∅) = π∗
B(b, 0), where ∅

denotes the empty observation history and b is the initial belief. If we have extracted a policy up
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to stage t ≥ 0, then we can use this to compute the actions taken in the stages up to t for a given
observation history τ t+1 = o1 . . . ot+1, and hence transform it into an AOH a0o1a1 . . . atot+1. Now
we can compute the belief bτt+1 corresponding to this AOH and set π∗

P(τ
t+1) = π∗

B(bτt+1 , t+ 1).
In addition, the computation of the value function of the belief MDP for the reachable beliefs

also allows us to compute the optimal value corresponding to a POMDP whose initial belief is the
belief corresponding to an AOH a0o1a1 . . . at−1ot with t observations and whose horizon is h− t.

Size of the belief MDP. We now analyze how much time constructing and solving the belief
MDP takes in the worst case. For this, we fist compute a bound on the number of reachable
beliefs, which is the number of state of the (finite) MDP that we solve. The number of reachable
beliefs is at most the number of AOHs, which is

h−1∑
t=0

(|A||O|)t = (|A||O|)h − 1

|A||O| − 1
∈ O((|A||O|)h−1).

One belief update can be done in time O(|S|2). By applying belief updates recursively, we do one
belief update per AOH of length 1 ≤ t ≤ h − 1. Computing the expected reward corresponding
to a belief takes time O(|S|) per action. Hence, constructing the belief MDP can be done in time
O
(
(|A||O|)h−1(|S|2 + |A||S|)

)
.

Time complexity of solving POMDPs using the belief MDP. To solve the belief MDP,
we compute its value function V ∗ : ∆(S) × {0, . . . , h} → R on the reachable beliefs, such that
V ∗(b, t) is the optimal value of the belief MDP for initial belief b over horizon t. To bound the
time taken to solve the belief MDP using value iteration, note that from each belief b there are
(at most) |O| reachable beliefs for a given action a ∈ A, namely the beliefs of the form ba,o for
some o ∈ O. In particular, the recursion for computing the value function (Equation (2.1)) can
be written as

V ∗(b, t+ 1) = max
a∈A

[
R(b, a) +

∑
o∈O

Pr(o | b, a)V ∗(ba,o, t)
]
.

Moreover, each AOH is only relevant for one horizon. For the beliefs corresponding to the
O
(
(|A||O|)h−1

)
AOHs of length h − 1, we only have to select the action yielding the highest

reward, which can be done in time O(|A|) per AOH. For the O
(
(|A||O|)h−2

)
beliefs corresponding

to AOHs of length t ≤ h− 2, we have to consider all O(|O|) reachable beliefs from that belief for
each action. Hence, this takes time O(|A||O|) per AOH. Using this, it follows that the belief MDP
can be solved in time O

(
(|A||O|)h−1(|A|+ 1)

)
, which is dominated by time taken to construct

the belief MDP. Hence, we can compute the optimal value for a POMDP in time

O
(
(|A||O|)h−1(|S|2 + |A||S|)

)
.

In practice, the number of (distinct) beliefs is usually smaller, since not all observations have
positive probability for each prior belief and each action, and since some AOHs may yield the
same belief. If Bt denotes the set of beliefs up to horizon t, then the above analysis shows that
we can bound the running time by O

(
|Bh−1|(|S|2 + |A||S|) + |Bh−2||A||O|

)
.

Exponential speedup over brute force search. Finally, we note that this algorithm shows
that computing (the value of) an optimal policy for a POMDP can be done in time exponential
in h, which is an exponential speedup over brute force search. For MDPs, the value iteration
algorithm also gives an exponential speedup over brute force search. For MDPs, the reason for
the exponential speedup is that in each stage t we can choose an optimal action a ∈ A for each state
s independently from the choice for actions for other states s̃ in the same stage. The main reason
for this exponential speedup for POMDPs is similar to the reason for MDPs. Namely, in each
stage t we can choose an optimal action a ∈ A for an observation history o1 . . . ot independently
from the choice for actions for other observation histories õ1 . . . õt in the same stage.
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Figure 4: Example of a value function V ∗ over a belief simplex ∆(S) where |S| = 2, which implies that
each belief can be represented with a single probability p. We show a representation of V ∗ (thick lines)
using four α-vectors, although the vector α3 is dominated and can hence be pruned.

2.3.2 Exact Algorithms and α-vectors

We now discuss further exact algorithms for POMDPs. These algorithms exploit the structure of
the value function V ∗ of the belief MDP, and in particular that there exists a representation of the
value function using α-vectors [Smallwood and Sondik, 1973], as stated in the following theorem:

Theorem 2.2 ([Smallwood and Sondik, 1973]). There exists a representation of the value function
V ∗ using α-vectors: For each t there exist vectors α1, . . . , αz ∈ RS such that

V ∗(b, t) = max
1≤v≤z

∑
s∈S

αv(s)b(s).

Hence, the value function is piecewise linear and convex (for a fixed stage t).

A graphical example of a representation of a value function using α-vectors is given in Figure 4.
To prove Theorem 2.2, we can inductively construct the α-vectors. Let Vt denote the set of vectors
corresponding to the value function for horizon t. For t = 1, we have the |A| vectors corresponding
to the reward vectors of each action. If we have a set of vectors Vt for horizon t, then we can
construct a set of vectors Vt+1 for horizon t+ 1 of size |A||Vt||O| by considering each action that
can be taken in the first stage and then for each observation a vector from Vt for the remaining t
stages. We provide a detailed proof of Theorem 2.2 in Appendix A.1.

Algorithms. The optimal value of a POMDP for initial belief b over horizon t is equal to V ∗(b, t).
Hence, finding a representation of the value function for horizon t using α-vectors is sufficient
to compute the optimal value. However, when using the construction for the α-vectors sketched

above, we have |V1| = |A| and |Vt+1| = |A||Vt||O|, which implies |Vt| = |A|
Pt−1

i=0 |O|i ∈ Ω
(
|A||O|t−1)

.
Hence, the number of α-vectors is double exponential in t, which is clearly not tractable.

The number of α-vectors can be reduced by pruning dominated vectors from the set Vt for each
t [Monahan, 1982], i.e. computing which vectors αv never maximize

∑
s∈S αv(s)b(s), and removing

those from Vt. This is done using linear programming. As an example, the vector α3 in Figure 4
can be pruned. Although pruning often results in a substantial reduction in the number of vectors,
Monahan’s algorithm still first generates all |A||Vt||O| vectors for stage t+1 before pruning them.
Incremental pruning [Zhang and Liu, 1996] improves on Monahan’s algorithm by considering the
observations one by one and pruning each time before considering the next observation. Further
improvements on incremental pruning have been made which reduce the total number of variables
or constraints in the linear programs (LPs) [Cassandra et al., 1997; Feng and Zilberstein, 2004;
Hansen and Bowman, 2020], or exploit the structure of the LPs [Walraven and Spaan, 2017].

2.3.3 Approximate Algorithms

The algorithms considered so far can compute exact optimal values for POMDPs over a finite
horizon. We proceed by discussing point-based methods, which generally provide lower bounds
and upper bounds for the value function (either by explicitly computing both a lower and an
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upper bound, or by computing one of the two bounds and giving theoretical guarantees about the
tightness of the bound). We first discuss how upper bounds and lower bounds can be computed
in general, and then proceed by discussing specific algorithms.

Upper bounds. Point-based methods compute upper bounds for the value function V ∗ on (a
subset of) the belief simplex ∆(S) by computing upper bounds on a finite set of points B ⊆ ∆(S).
Since the value function is convex, these bounds for beliefs in B can be used to compute an upper
bound on any belief b in the convex hull of B. Formally, if we write b =

∑n
i=1 λibi with

∑n
i=1 λi = 1

and bi ∈ B for 1 ≤ i ≤ n, then the convexity of the value function implies that

V ∗(b, t) = V ∗

(
n∑

i=1

λibi, t

)
≤

n∑
i=1

λiV
∗(bi, t).

Hence, if we have upper bounds on the V ∗(bi, t), we can also compute an upper bound on V ∗(b, t).
The coefficients λi in b =

∑n
i=1 λibi giving the tightest upper bound can be computed using linear

programming. Alternatively, if B contains all extreme points of the belief simplex (i.e., all |S|
distributions that assign probability 1 to some state s ∈ S), then a cheaper way to compute a
reasonable upper bound on V ∗(b, t) is to consider writing b as a convex combination of an arbitrary
point b′ ∈ B and (at most) |S| − 1 extreme points [Hauskrecht, 2000; Smith and Simmons, 2005].

Lower bounds. Lower bounds for the value function can be given using α-vectors, as introduced
in Section 2.3.2. In particular, we can compute a set of α-vectors α1, . . . , αz′ ∈ RS such that

V ∗(b, t) ≥ max
1≤v≤z′

∑
s∈S

αv(s)b(s).

Another way to provide lower bounds is to compute a policy. When having an approximation of
the value function, we can compute a policy by selecting actions which are best according to that
approximate value function, similarly to how an optimal policy can be extracted from the (exact)
value function for MDPs as in Equation (2.2) [Hauskrecht, 2000].

Algorithms. We now proceed by discussing algorithms that compute lower and/or upper bounds
on the value function. Lovejoy [1991] provides lower and upper bounds on the value function on
the belief simplex ∆(S) using a uniform grid consisting of all probability distributions whose prob-
abilities are a multiple of 1

M for some M . However, the number of points in this discretization,

which is
(
M+|S|−1

M

)
= (M+|S|−1)!

M !(|S|−1)! , is prohibitive for large M and |S| (e.g. for |S| ≥ 20 and M ≥ 10,

this exceeds 2 · 107). Hauskrecht [2000] uses an adaptive non-uniform grid, by adding reachable
beliefs as points to the grid. This is done by starting from the initial belief, and then repeatedly
selecting the best action (according to the current approximation of the value function) and sam-
pling an observation, until a new belief is found. Zhou and Hansen [2001] instead use a regular
grid similar to the grid used by Lovejoy [1991], but with a variable resolution.

Point-Based Value Iteration (PBVI) [Pineau et al., 2003] aims to approximate the value func-
tion V ∗ on all reachable beliefs from a given initial belief, i.e. all beliefs that can occur after updat-
ing the initial belief according to some action-observation history. Similarly to Hauskrecht [2000],
the observations in this action-observation history are chosen by sampling. Heuristic Search Value
Iteration (HSVI) [Smith and Simmons, 2004; Smith and Simmons, 2005] instead uses a forward
exploration heuristic to select the observation leading to the next point, taking into account the
likelihood of the observation and the difference between lower and upper bounds at the belief
corresponding to this observation.2 SARSOP [Kurniawati et al., 2008] aims to further focus the
region where V ∗ is approximated best to the beliefs that are reachable from the initial belief under
an optimal policy. Another line of work focuses on finding approximations of the value function
using few α-vectors [Dujardin et al., 2015; Dujardin et al., 2017]. Finally, Bork et al. [2020] use an
abstraction-refinement framework to successively compute better abstractions of the belief MDP.

2Despite the similar name, HSVI is not related to A∗ heuristic search and the heuristic used by HSVI is quite
different from the heuristics used in A∗ search: the heuristic used by HSVI selects an observation to explore further,
while the heuristics used by A∗ are upper bounds on the value function.
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2.3.4 Online Algorithms

The algorithms considered so far are offline algorithms, which provide a policy that specifies an
action for all possible observation histories that can occur during policy execution. In contrast,
online algorithms only provide actions for one sampled observation history while executing the
provided actions. We discuss two online algorithms, which only use a simulator of the environment.
As a result, they can scale up to much larger models. Partially Observable Monte-Carlo Planning
(POMCP) [Silver and Veness, 2010] uses Monte Carlo Tree Search [Coulom, 2006] to estimate
which action is the best. When deciding which action to select at a particular history, a number of
simulations is done from that history onwards. To select actions in these simulation, the algorithm
has to balance between exploring all actions and only selecting the actions that currently seem
best. In comparison, DESPOT [Somani et al., 2013] achieves better performance and better
theoretical guarantees by using heuristic forward search for exploration, similarly to HSVI.

2.4 Complexity Results

Finally, we briefly discuss the complexity of solving POMDPs. The decision problem associated
to POMDPs is the problem “Given an POMDP, an initial belief b0, a horizon h, and a rational
number Vgoal, does there exist a policy with value at least Vgoal?”. This problem is PSPACE-
complete [Papadimitriou and Tsitsiklis, 1987] when expressing h in unary. When expressing h in
unary, the problem has size Ω(poly(|S|+ |A|+ |O|+ h)).

The algorithm using the belief MDP from Section 2.3 shows that this decision problem is in
EXPTIME. The belief MDP can also be used to show that the decision problem is in PSPACE,
by calculating the optimal value V ∗(b0, h). To do this in polynomial space, we first organize all
beliefs in a belief tree, such that the root of the tree is the initial belief b0 and the children of a
belief b are all beliefs of the form ba,o (where we store the same belief multiple times if it occurs
for multiple action-observation histories). We now make the following observation: once we have
calculated V ∗(b, t + 1) for some belief b, we no longer need to store the values V ∗(ba,o, t). By
exploring the belief tree in a depth-first manner, we then only need to store values V ∗(ba,o, t) for
one belief b per stage t simultaneously. Hence, we only need to store O(|A||O|h) values of the
value function simultaneously to calculate V ∗(b0, h) for the initial belief b0.

Moreover, we note that there also exist non-approximability results for POMDPs. For a
POMDP M, let opt(M, b0, h) be its optimal value for initial belief b0 and horizon h, and let
A(M, b0, h) be the value achieved by some algorithm A. Then we call A an ϵ-approximate algo-
rithm if (1−ϵ)opt(M, b0, h) ≤ A(M, b0, h) for allM, b0, h. Note that A(M, b0, h) ≤ opt(M, b0, h)
always holds. Lusena et al. [2001] show that there is no polynomial time ϵ-approximate algorithm
for solving POMDPs for any 0 < ϵ < 1, unless P = PSPACE. In particular, we expect any
ϵ-approximate algorithm for POMDPs to take exponential time in the worst case.
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3 Decentralized POMDPs (Dec-POMDPs)

In this section we introduce decentralized partially observable Markov decision processes (Dec-
POMDPs), the main topic of this thesis. We start by defining Dec-POMDPs in Section 3.1.
Section 3.2 explains policy evaluation for Dec-POMDPs. Section 3.3 introduces the underlying
(PO)MDP of a Dec-POMDP, and uses this to introduce heuristics for Dec-POMDPs. Section 3.4
introduces some special cases of Dec-POMDPs. Section 3.5 states some complexity results for Dec-
POMDPs, while Section 3.6 follows up with an informal discussion why Dec-POMDPs are harder
than POMDPs. Finally, Section 3.7 formally states the problems that we solve in this thesis. For
more background on Dec-POMDPs, we refer to the book by Oliehoek and Amato [2016].

3.1 Definition

Decentralized POMDPs generalize POMDPs to the multi-agent setting [Bernstein et al., 2002;
Oliehoek and Amato, 2016]. The agents each receive local observations and must locally select
actions to execute. As shown in Figure 5, a Dec-POMDP models decision loops between each of
the agents and the environment. In each stage, each of the agents individually selects an action,
which together yields a joint action causing a state transition in the environment. Then the agents
each get a local observation and earn, but do not observe, a reward.

Æ agent 1
policy π1

Æ agent 2
policy π2

� environment
(+ state transition)

ë observation o1

ë observation o2

L reward

s action a1

s action a2

Figure 5: Schematic representation of a Dec-POMDP

We now turn to the formal definition of a Dec-POMDP.

Definition 3.1 (Dec-POMDP). A decentralized partially observable Markov decision process
(Dec-POMDP) is a tuple ⟨D,S,A,O, T,O,R⟩ where

• D = {1, . . . , n} is a set of n agents,

• S is a finite set of states,

• A =×i∈DAi is a set of joint actions a = ⟨a1, . . . , an⟩, where each Ai is the finite set of
local actions available to agent i,

• O =×i∈DOi is a set of joint observations o = ⟨o1, . . . , on⟩, where each Oi is the finite set
of local observations of agent i,

• T : S ×A→ ∆(S) is the transition function,

• O : A× S → ∆(O) is the observation function, and

• R : S ×A→ R is the reward function.
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Figure 6: Schematic representation of the partially
observable 3× 3 Grid Dec-POMDP POGrid(3).

ROBOT

ROBOT
Figure 7: Schematic representation of DecTiger.

For n = 1 agent, a Dec-POMDP is a POMDP (Definition 2.2).
We write T (s′ | s,a) and O(o | a, s′) instead of T (s,a)(s′) and O(a, s′)(o), respectively. A

Dec-POMDP describes a system that starts in a state s0 with probability b(s0) for some initial
belief b ∈ ∆(S). At each stage t, each agent i individually selects a local action ati. Together, this
yields a joint action at = ⟨at1, . . . , atn⟩ with a corresponding reward rt = R(st,at). The next state
of the system is st+1 with probability T (st+1 | st,at). Finally, a joint observation ot+1 is drawn
with probability O(ot+1 | at, st+1), and each agent i receives their local observation ot+1

i .

Observation histories. We write τi = o1i . . . o
t
i for the local observation history (LOH) of agent

i, and τ = o1 . . .ot for the joint observation history. We denote the set of all LOHs of agent i of

length exactly ℓ and at most ℓ by Oℓ
i and O

≤ℓ
i , respectively. We write o

[v,t]
i = ovi . . . o

t
i for the local

observations of agent i between stage v and t. If the local observation in stage t + 1 is o ∈ Oi,

then o
[v,t]
i · o denotes the local observations between stage v and t+ 1.

Policies. In a Dec-POMDP, each agent i has a local policy πi, which together form the joint
policy π = ⟨π1, · · · , πn⟩. A local policy for agent i maps LOHs for that agent to a local action

ai ∈ Ai, formally: πi : O≤h−1
i → Ai. Let Π denote the set of joint policies. The value of executing

a joint policy π for an initial belief b over a horizon h is then

Vπ(b, h) = Eπ

[
h−1∑
t=0

R(st,at)

∣∣∣∣∣ s0 ∼ b

]
,

where st and at are the state and joint action at stage t. The goal is to find a joint policy π that
maximizes the expected reward Vπ(b, h).

Examples. We now give two examples of Dec-POMDPs: A Dec-POMDP version of the 3 × 3
Grid problem (based on the 2 × 2 Grid problem with 2 observations by Amato et al. [2006]), as
well as the classical Dec-POMDP benchmark problem DecTiger [Nair et al., 2003].

Example 3.1 (3 × 3 Grid Dec-POMDP). We consider a 3 × 3 Grid Dec-POMDP, which in
short we also denote by POGrid(3) (for partially observable grid). See Figure 6 for a schematic
representation. It has two agents. There are 92 = 81 states, giving the positions for both agents.
The transitions, local actions and local observations are for each agent as in the 3×3 Grid POMDP
(Example 2.1). However, the rewards are different: the reward is now 1 if the agents are on the
same cell in the grid (according to the new state), while the reward is 0 otherwise. Initially, one
of the agents is in the bottom left corner while the other agent is in the top right corner.
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Example 3.2 (Decentralized tiger problem). The DecTiger problem [Nair et al., 2003] is a
multi-agent variation of the Tiger problem [Kaelbling et al., 1998]. See Figure 7 for a schematic
representation. In this problem, there are two agents and two rooms, labelled left and right. One
of the rooms contains a dangerous tiger, while the other room contains a valuable treasure. The
state of the Dec-POMDP (TL or TR) indicates whether the tiger is in the left room or in the
right room. Each agent has three actions: listen (Li), open the door to the left room (OL), or
open the door to the right room (OR).

Listening gives a noisy observation regarding the location of the tiger (HL or HR), which is
correct with probability 0.85, and incurs a small cost (−1 per agent). The state resets if any agent
opens a door, in which case both agents get an uninformative observation (uniform distribution
over the observations). If only one agent opens the door leading to the treasure, they receive a
positive reward (+10). But, if both agents find the treasure, they receive a larger reward (+20).
A large penalty is given for opening the door leading to the tiger (−100 if one agent opens a door
with the tiger, −50 if both open the door with the tiger).

In theDecTiger problem (Example 3.2), the agents need to find a policy to gather information
regarding the location of the tiger and then decide whether to open a door. Hence, they need
to coordinate on which stages they will open a door and on which stages they will listen, since
opening a door will nullify the other agent’s effort to gather information (as the state resets). An
example of a local policy for an agent in DecTiger for horizon h = 3 is

∅ 7→ Li, (HR) 7→ Li, (HL) 7→ Li, (HR,HR) 7→ OL,

(HR,HL) 7→ Li, (HL,HR) 7→ Li, (HL,HL) 7→ OR.

Hence, in the first two stages the agent gathers information by listening, while in the last stage
the agent opens a door if the information is unambiguous, and listens otherwise. It turns out that
it is optimal for both agents to do this if h = 3.

3.2 Policy Evaluation

We now turn to beliefs and policy evaluation for Dec-POMDPs, which is very similar to beliefs
and policy evaluation for POMDPs as explained in Section 2.3. In fact, each joint policy for a
Dec-POMDP induces a policy for the underlying POMDP.

Beliefs. Computing joint probabilities Pr(τ t, st) in a Dec-POMDP is similar to the correspond-

ing computation in POMDPs. Let π = ⟨π1, . . . , πn⟩ be a joint policy, where πi : O≤h−1
i → Ai.

For t = 0, it holds that τ t is empty and that Pr(τ 0, s0) = b(s0). If τ t+1 = o1 . . .otot+1, then we
can recursively compute

Pr(o1 . . .otot+1, st+1) =
∑
st∈S

O(ot+1 | at, st+1)T (st+1 | st,at) Pr(o1 . . .ot, st),

where at = ⟨at1, . . . , atn⟩ and ati = πi(o
1
i . . . o

t
i). For a given joint policy, there are O(|O|h−1|S|)

pairs (τ , s), so we can compute these probabilities in time O(|O|h−1|S|2).

Policy evaluation. Using the joint probabilities Pr(τ t, st), we can compute the value Vπ(b, h)
of a given joint policy π by iterating over all pairs (τ t, st) for each stage t:

Vπ(b, h) =

h−1∑
t=0

∑
τ t∈Ot

∑
st∈S

Pr(τ t, st)R(st,π(τ t)),

where we write π(τ t) = ⟨π1(τ
t
1), . . . , πn(τ

t
n)⟩. This computation takes time O(|O|h−1|S|). Hence,

this allows us to do policy evaluation in time O(|O|h−1|S|2), including the time to compute the
joint probabilities Pr(τ t, st).
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Brute force search. To analyze the complexity of brute force search, let us assume for simplicity
that all local action and observation sets are equally large, and let |A∗| and |O∗| denote their sizes,

respectively. The number of LOHs is then n
∑h−1

t=0 |O∗|t = n |O∗|h−1
|O∗|−1 , so there are |A∗|n

|O∗|h−1
|O∗|−1

joint policies (which we can upper bound by |A∗|n|O∗|h). Hence, the time complexity of brute

force search is O
(
|A∗|n

|O∗|h−1
|O∗|−1 |O|h−1|S|2

)
, which is double exponential in h.

3.3 Upper Bounds for Dec-POMDPs

The decentralized nature of the Dec-POMDP makes it more challenging to solve than a POMDP.
For this reason, we want to consider a relaxation of the decentralized problem. The underlying
POMDP of a Dec-POMDP assumes that a centralized decision maker with access to the joint
observations chooses the joint action in each stage. Equivalently, we can assume that each of the
agents receives the joint observations and selects an action locally, since the agents can decide
beforehand on which actions to take for a given joint observation history. We can go one step
further by also removing partial observability, leading to the underlying MDP, where a centralized
decision maker chooses the joint action in each stage based on the true state.

Definition 3.2 (Underlying (PO)MDP). Let ⟨D,S,A,O, T,O,R⟩ be a Dec-POMDP. The under-
lying MDP is the MDP ⟨S,A, T,R⟩. The underlying POMDP is the POMDP ⟨S,A,O, T,O,R⟩.

We note that the action (and observation) set still have a factorized structure in the under-
lying (PO)MDP, which makes the underlying MDP a multi-agent MDP [Boutilier, 1996] and the
underlying POMDP a multi-agent POMDP [Pynadath and Tambe, 2002].

The optimal value VPOMDP(b, h) of the underlying POMDP of a Dec-POMDP (for a given
initial belief b and horizon h) is an upper bound for the optimal value VDec-POMDP(b, h) of the
Dec-POMDP [Szer et al., 2005]. The reason for this is that each joint policy π for a Dec-POMDP
induces a policy πPOMDP : O≤h−1 → A for the underlying POMDP, defined by πPOMDP(τ ) =
⟨π1(τ1), · · · , πn(τn)⟩. Hence, any value achievable by the Dec-POMDP is also achievable by the
underlying POMDP, showing that VDec-POMDP(b, h) ≤ VPOMDP(b, h). In practice, VPOMDP(b, h)
is almost always strictly larger, since the additional information contained in the observations of
the other agents can be used to make better choices regarding which action to take.

The optimal value VMDP(b, h) of the underlying MDP is in turn an upper bound for the
POMDP value VPOMDP(b, h), as shown by Hauskrecht [2000]. Intuitively, this holds because
knowing the state is more informative than just knowing the observation history, since the rewards
and transition probabilities are directly determined by the state while the observations only provide
information about rewards and transition probabilities indirectly.

In summary, we have a hierarchy of bounds VDec-POMDP(b, h) ≤ VPOMDP(b, h) ≤ VMDP(b, h).
When searching for policies for the Dec-POMDP, we use these upper bounds (for smaller horizons
and other initial beliefs) to guide the search. In this context, we call VMDP and VPOMDP the MDP
heuristic and the POMDP heuristic, respectively. We further discuss this in Section 6.

3.4 Subclasses within Dec-POMDPs

We now introduce a few subclasses within the class of Dec-POMDPs [Becker et al., 2004; Goldman
and Zilberstein, 2004]. In particular, each of these subclasses consists of Dec-POMDPs with a
factorized state space, which means that the state space can be written as a tuple of local states,
where each local state describes one agent.

Definition 3.3 (Factorized state space). A Dec-POMDP has a factorized state space if we can
write S =×i∈D Si, where Si is a set of local states of agent i.

Transition-independence means that the state or action of other agents do not influence the
local state of a given agent, which implies that we can factorize the transition function.

Definition 3.4 (Transition-independence). A Dec-POMDP with a factorized state space×i∈D Si
is transition-independent if we can write T (s′ | s,a) =

∏
i∈D Ti(s

′
i | si, ai) for local transition

functions Ti : Si ×Ai → ∆(Si).
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Observation-independence means that the state or action of other agents do not influence the
observations of a given agent. In particular, it implies that there are no actions in the Dec-POMDP
that the agents can use to communicate.

Definition 3.5 (Observation-independence). A Dec-POMDP with a factorized state space×i∈D Si
is observation-independent if we can write O(o | a, s′) =

∏
i∈D Oi(oi | ai, s′i) for local observation

functions Oi : Ai × Si → ∆(Oi).

Finally, we consider a class of Dec-POMDPs that is jointly fully observable, which means that
the state is determined by the last joint observation. We formalize this using a map, which maps
a joint observation o ∈ O to the only new state s′ ∈ S in which it can occur.

Definition 3.6 (Dec-MDP). A Dec-MDP is a Dec-POMDP such that is jointly fully observable,
i.e. such that there exists a map J : O → S such that if O(o | a, s′) > 0, then J(o) = s′.

Goldman and Zilberstein [2004] show that a transition- and observation-independent Dec-MDP
(TOI-Dec-MDP) is also locally fully observable, which means that for each agent i ∈ D the last
local observation oi of that agent determines the local state si of that agent. Formally, there exists
a map Ji : Oi → Si such that if Oi(oi | ai, s′i) > 0, then Ji(oi) = s′i.

The 3 × 3-Grid Dec-POMDP from Example 3.1, is transition- and observation-independent,
but it is not a Dec-MDP since the joint observation does not determine the full state.

3.5 Complexity Results

We proceed by briefly discussing the complexity of solving Dec-POMDPs. The decision problem
associated to Dec-POMDPs is the problem “Given an Dec-POMDP, an initial belief b, a horizon
h, and a rational number Vgoal, does there exist a policy with value at least Vgoal?”.

The decision problem associated to Dec-POMDPs is NEXP-complete when expressing h in
unary [Bernstein et al., 2002], thus we expect algorithms to take double exponential time to solve
the decision problem. Non-deterministically guessing a policy and evaluating it (in exponential
time) shows that this decision problem is indeed in NEXP. Rabinovich et al. [2003] show that also
solving Dec-POMDPs ϵ-optimally is NEXP-hard. Nevertheless, TOI-Dec-MDPs form an easier
subclass within the class of Dec-POMDPs: the associated decision problem is NP-complete [Gold-
man and Zilberstein, 2004]. The main reason for this drop in complexity is that it is sufficient to
consider policies that depend only on the last local observation for TOI-Dec-MDPs.

Assuming that PSPACE ̸= NEXP, this shows that solving Dec-POMDPs is harder than solving
POMDPs. In Section 3.6, we discuss the reasons for this on an informal level.

3.6 Challenges in Solving Dec-POMDPs

We now describe two challenges in solving Dec-POMDPs compared to solving POMDPs. These
provide intuition for the complexity gap between POMDPs and Dec-POMDPs (see Section 3.5).

Dependence between different LOHs. In general, we cannot choose an optimal action for
some local observation history (LOH) independently from the choice for other LOHs. Namely,
the action agent i takes for LOH τi has implications for the optimal choice for all LOHs τj that
another agent j could have observed when agent i observed τi. However, the choice for the actions
on these LOHs τj in turn also influence the optimal action for other LOHs of agent i. Therefore,
we can in general not split solving a Dec-POMDP into solving several independent problems with
a lower horizon, as is possible for an MDP and a POMDP.

Insufficiency of state beliefs. In a POMDP, the state beliefs are a sufficient statistic for
planning: if two observation histories induce the same state belief, then we can assume in an
optimal policy that the same action is taken for these observation history. However, state beliefs
are not sufficient statistics in Dec-POMDPs, because it is not just important what agent i believes
about the state, but also what agent i believes about what agent j believes about the state, and
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what agent i believes about what agent j believes about what agent k believes about the state,
etc. The fact that state beliefs are not sufficient statistics limits the extent to which approaches
similar to α-vectors (introduced in Section 2.3.2 for POMDPs) can be used for Dec-POMDPs.

A sufficient statistic for Dec-POMDPs is given by each agent’s belief over the states and
the observation histories of other agents. This sufficient statistic is discussed in more detail in
Section 4.3. However, the size of this statistic typically grows exponentially with the horizon.

3.7 Problem Statement

The aim of this thesis is to provide algorithms for exact and approximate Dec-POMDP solving
over a finite horizon. In exact solving, the algorithm has to guarantee that it outputs an optimal
policy π∗ ∈ argmax

π′∈Π
Vπ′(b, h). We formalize exact solving in the following problem statement.

Problem statement I (Exact Solving). Given a Dec-POMDP, an initial belief b, and a
horizon h, find a joint policy π that maximizes Vπ(b, h).

The main performance metric of an exact algorithm is the computation time.
In approximate Dec-POMDP solving, the goal is to find good policies fast. In addition, we

want to certify how good the provided policy is, which can be done by providing an upper bound
for the value of an optimal policy. We formalize this in the following problem statement.

Problem statement II (Approximate Solving with Guarantees). Given a Dec-POMDP, an
initial belief b, and a horizon h, find a policy π and an upper bound U(b, h) s.t.

Vπ(b, h) ≤ max
π′∈Π

Vπ′(b, h) ≤ U(b, h),

where Vπ(b, h) and U(b, h) are close to each other.

For approximate solving, there is a trade-off between solution quality Vπ(b, h) and computation
time, and similarly between the tightness of the upper bound U(b, h) and computation time.
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4 Clustering

We now turn to clustering. When presenting a joint policy by listing for each local observation
history (LOH) the action taken by the agent, the size of the policy is exponential in the horizon h.
To migitate this, we cluster (group together) LOHs. Since the number of clustered policies is
exponential in the number of clusters, clustering LOHs can lead to a substantial reduction in the
size of the search space. Moreover, we study criteria for clustering LOHs losslessly, i.e. without
loss in optimal policy value compared to another clustering.

We start by introducing clusterings in general in Section 4.1. In Section 4.2, we develop the
multi-agent belief [Hansen et al., 2004], an important tool for proving that a clustering is lossless.
In Section 4.3 we discuss lossless clustering [Oliehoek et al., 2009; Oliehoek et al., 2013], which
is an important ingredient in our exact algorithms and algorithms that find upper bounds. In
Section 4.4 and Section 4.5 we introduce sliding window memory and lossless clustering for sliding
window memory, respectively. Finally, in Section 4.6 we discuss probability-based clustering.

4.1 Clusterings

We start by defining a clustering.

Definition 4.1 (Clustering). A clustering C is a partition Ci,t of the set Ot
i of length-t LOHs for

each stage 0 ≤ t ≤ h− 1 and each agent i ∈ D.
We now introduce cluster policies, which map clusters to actions. Write Ci =

⋃h−1
t=0 Ci,t for the

set of agent i’s clusters. Let fO→C :
⋃

i∈D
⋃h−1

t=0 Ot
i →

⋃
i∈D Ci be the map that assigns a local

observation history to its cluster. A local cluster policy for agent i is a map πC
i : Ci → Ai. The

corresponding local policy πi is defined by πi(τi) = πC
i (fO→C(τi)) for each LOH τi. We denote

the set of all cluster policies πC = ⟨πC
1 , . . . , π

C
n ⟩ corresponding to clustering C by ΠC . The value

of a cluster policy πC is the value of the corresponding policy π = ⟨π1, . . . , πn⟩, where each πi is
the local policy corresponding to πC

i .
We note that restricting to cluster policies is without loss of generality when the clustering is

not fixed. In particular, we can consider the trivial clustering, i.e. the clustering in which each
LOH gets its own cluster. Formally, the trivial clustering is the clustering defined by the partitions

Ci,t = {{o[1,t]i } : o[1,t]i ∈ Ot
i}. For this clustering, every policy π = ⟨π1, . . . , πn⟩ can be written as

a cluster policy πC , by defining πC
i ({o

[1,t]
i }) = πi(o

[1,t]
i ).

4.1.1 Incremental Clustering

Intuitively, an incremental clustering is a clustering such that if two LOHs are clustered, then their
extensions by the same local observation are also clustered together. Hence, if two observation

histories o
[1,t]
i and õ

[1,t]
i from stage t are clustered together in an incremental clustering, then

the agent does not distinguish them in stage t nor in future stages. To formally define when a
clustering is incremental, we use the equivalence relation ≡Ci,t

induced by the partition Ci,t, such

that o
[1,t]
i ≡Ci,t

õ
[1,t]
i if and only if the LOHs o

[1,t]
i and õ

[1,t]
i are in the same cluster in Ci,t.

Definition 4.2 (Incremental clustering). Let ≡Ci,t
be the equivalence relation induced by the

partition Ci,t. A clustering is incremental at stage t if

∀i ∈ D. ∀o[1,t]i , õ
[1,t]
i ∈ Ot

i . ∀o ∈ Oi :
(
o
[1,t]
i ≡Ci,t õ

[1,t]
i

)
=⇒

((
o
[1,t]
i · o

)
≡Ci,t+1

(
õ
[1,t]
i · o

))
.

A clustering is incremental if it is incremental at each stage 0 ≤ t ≤ h− 2.

Example. We now provide an example of a clustering in the DecTiger problem (Example 3.2).

Example 4.1 (Clusterings for DecTiger). Consider the DecTiger problem over horizon h = 3.
An example of a clustering C is given by

C1,0 = C2,0 = {{∅}}, C1,1 = C2,1 = {{(HL), (HR)}},
C1,2 = C2,2 = {{(HL,HL)}, {(HL,HR), (HR,HL)}, {(HR,HR)}}.
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Using this clustering, a local cluster policy πC
i : Ci → Ai for agent i is given by

{∅} 7→ Li, {(HR), (HL)} 7→ Li, {(HR,HR)} 7→ OL,

{(HR,HL), (HL,HR)} 7→ Li, {(HL,HL)} 7→ OR.

However, the clustering C is not incremental. Namely, the LOHs (HR) and (HL) are clustered
together, but their extensions with the same local observation HL, i.e. (HR,HL) and (HL,HL),
are not clustered together. Intuitively, we should not cluster together the observation histories
(HR) and (HL) in an incremental clustering because the agent needs to distinguish them in a later
stage, even though the agent does not need to distinguish them in stage 1. To create an incremental
clustering C ′, we can give (HR) and (HL) each their own cluster:

C ′
1,0 = C ′

2,0 = {{∅}}, C ′
1,1 = C ′

2,1 = {{(HL)}, {(HR)}},
C ′

1,2 = C ′
2,2 = {{(HL,HL)}, {(HL,HR), (HR,HL)}, {(HR,HR)}}.

Storing incremental clusterings. We now explain an algorithmic detail, namely how we can
store incremental clusterings efficiently in practice. Storing a clustering by storing all partitions
explicitly takes exponential (Ω

(∑
i∈D |Oi|h−1

)
) space, even if the number of clusters is small. An

important reason for using incremental clusterings is that they can be stored more efficiently if
the number of clusters is small.

Consider the clustering for a fixed agent i. The incrementality allows us to represent the
clustering as a number of maps, one for each stage, mapping a cluster and the next observation
to a new cluster in the next stage. Specifically, rather than storing the sets (clusters) in Ci,t

explicitly, we just store the number of clusters |Ci,t| and refer to the clusters using an integer
between 0 and |Ci,t| − 1. To store the clustering structure, we store maps fi,t : Ci,t×Oi → Ci,t+1,
which map a cluster cti ∈ Ci,t and an observation ot+1

i ∈ Oi to a cluster ct+1
i ∈ Ci,t+1. Note that

we always have |Ci,0| = 1, since in stage 0 we only have the empty observation history. For an

LOH τi = o
[1,v]
i , we can compute the corresponding cluster cvi recursively by taking the unique

element c0i ∈ Ci,0 and recursively defining ct+1
i = fi,t(c

t
i, o

t+1
i ) for 0 ≤ t ≤ v − 1. Hence, we can

indeed recover the clustering using these maps.
Finally, we note that the size of this representation is O

(∑
i∈D

∑h−2
t=0 |Ci,t||Oi|

)
, which is

polynomial in |Oi| and h if the number of clusters |Ci,t| is polynomial. Hence, using incremental
clusterings allows us to store clusterings for large horizons.

4.1.2 Comparing Clusterings

We proceed by discussing some notions that can be used to compare two clusterings. A clustering
C ′ is coarser than C if each partition C ′

i,t is coarser than Ci,t, i.e. if each cluster in C ′
i,t is a union

of clusters in Ci,t. Put differently, a clustering C ′ is coarser than C if any two LOHs which are
clustered in C are also clustered in C ′. We call C ′ finer than C if C is coarser than C ′.

Consider a clustering C. To limit the search space of cluster policies, we wish to further cluster
(i.e., take unions of) the clusters in C, without further loss in optimal policy value. To express
this, we define when a clustering C ′ is lossless with respect to C.

Definition 4.3 (Lossless clustering). We call a clustering C ′ lossless with respect to another
clustering C, if C ′ is coarser than C and

max
π∈ΠC′

Vπ(b, h) = max
π∈ΠC

Vπ(b, h),

where ΠC′
and ΠC denote the set of all cluster policies corresponding to C ′ and C, respectively.

The trivial clustering is the clustering which assigns every LOH to a different cluster. We call
a clustering lossless, if it is lossless with respect to the trivial (i.e. no) clustering.
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Example. We continue Example 4.1.

Example 4.2 (Clusterings for DecTiger). Consider the clusterings C and C ′ introduced in
Example 4.1. The clustering C is coarser than C ′. The clustering C ′ is in turn coarser than the
trivial clustering. It can be shown that the clustering C is lossless (w.r.t. the trivial clustering),
since the local policies corresponding to the local cluster policies given in Example 4.1 form an
optimal joint policy for the Dec-POMDP. Hence, the clustering C ′ is also lossless.

4.2 Multi-agent Belief

To select an optimal action, agents have to reason about the actions that other agents will take,
both in the current stage and future stages. For this, we define the multi-agent belief state and the
multi-agent belief [Hansen et al., 2004]. To define the multi-agent belief, we first define the concept
of a subtree policy, which describes how a particular agent acts from a specific LOH onwards.

Definition 4.4 (Subtree policy). Let j ∈ D be an agent and let πj be its local policy. A subtree

policy γh−t
j : O≤h−t−1

j → Ai describes how agent j acts given the observations they receive from

stage t onwards. Specifically, the subtree policy corresponding to the LOH o
[1,t]
j satisfies

γh−t
j (o

[t+1,v]
j ) = πj(o

[1,v]
j ).

Remark 4.1. Note that different LOHs can yield the same subtree policy. In fact, if two LOHs
yield the same subtree policy, then we could have clustered these LOHs in an incremental clustering.
However, we only observe this after finding the subtree policy, while our goal is to determine that
two LOHs can be clustered before defining a policy from these LOHs onwards.

With the definition of a subtree policy, we now define the multi-agent belief.

Definition 4.5 (Multi-agent belief). A multi-agent belief state for agent i ∈ D and stage 0 ≤
t ≤ h− 1 is a pair (s,γh−t

̸=i ), where s is a state and

γh−t
̸=i = ⟨γh−t

1 , . . . , γh−t
i−1 , γ

h−t
i+1 , . . . , γ

h−t
n ⟩

represents a policy for all agents except agent i from stage t onwards. A multi-agent belief for
agent i ∈ D and stage t is a distribution over multi-agent belief states for agent i and stage t.

Similarly to how the distribution over the states is a sufficient statistic for POMDPs, the
multi-agent belief is a sufficient statistic for Dec-POMDPs.

Lemma 4.1 (Multi-agent belief is a sufficient statistic). The multi-agent belief for agent i ∈ D
and stage t (0 ≤ t ≤ h − 1) is a sufficient statistic for computing the value of any subtree policy

γh−t
i : O≤h−t−1

i → Ai that agent i can use from stage t onwards.

We now explain the intuition behind this lemma. The subtree policy specifies the actions for
agent i, while the multi-agent belief specifies a distribution over states and actions for the other
agents, for each observation history. Moreover, since the multi-agent belief specifies a distribution
over states, the Markov property of Dec-POMDPs allows us to calculate a distribution over these
observation histories. Together, this allows us to compute the expected reward. We give a more
detailed proof in Appendix A.2.1.

Since the multi-agent belief is a sufficient statistic for the value of any subtree policy of agent i,
it follows that two LOHs that induce the same multi-agent belief have the same optimal subtree
policies and can hence be clustered losslessly.

Corollary 4.1. Suppose that two LOHs o
[1,t]
i and õ

[1,t]
i of agent i induce the same multi-agent

belief. Then they can be clustered losslessly.

Proof. Let o
[1,t]
i and õ

[1,t]
i be two LOHs that induce the same multi-agent belief. Then the value of

any subtree policy γh−t
i is equal for o

[1,t]
i and õ

[1,t]
i . Hence, the same subtree policies are optimal

for o
[1,t]
i and õ

[1,t]
i . In particular, we can without loss of policy value take the same optimal subtree

policy for the LOHs o
[1,t]
i and õ

[1,t]
i , which means that the LOHs can be clustered losslessly.
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4.3 Lossless Clustering

The goal of this section is to define a criterion that it allows us to cluster together LOHs a
priori, i.e., before determining an optimal policy, and such that the resulting clustering is lossless,
incremental, and not (always) the trivial clustering. Specifically, we discuss the probabilistic
equivalence criterion [Oliehoek et al., 2009; Oliehoek et al., 2013], which is a sufficient criterion
for when two local observation histories (LOHs) can be clustered together losslessly. We start by
stating the criterion, and then prove that the resulting clustering is lossless (Section 4.3.1) and
incremental (Section 4.3.2).

We first introduce some notation. Write ct−1
̸=i for the tuple consisting of the cluster of each

agent except agent i in stage t− 1, and write ot
̸=i for the tuple consisting of the local observations

of each agent except agent i in stage t. Finally, in all probabilities that we write, we implicitly
also condition on the past policy and the initial belief.

Definition 4.6 (Probabilistic equivalence). Consider a clustering and a policy up to stage t− 1,

and an initial belief. Two LOHs o
[1,t]
i and õ

[1,t]
i of agent i are probabilistically equivalent, written

o
[1,t]
i ∼p õ

[1,t]
i , if

Pr
(
st, ct−1

̸=i ,ot
̸=i

∣∣∣ o[1,t]i

)
= Pr

(
st, ct−1

̸=i ,ot
̸=i

∣∣∣ õ[1,t]i

)
for all st ∈ S and all tuples ct−1

̸=i ,ot
̸=i.

Note that ∼p is an equivalence relation. Write
[
o
[1,t]
i

]
for the equivalence class of o

[1,t]
i . We now

define the clustering corresponding to probabilistic equivalence:

Definition 4.7. The clustering corresponding to probabilistic equivalence consists of the sets de-

fined by Ci,t =
{
[o

[1,t]
i ]

∣∣∣ o[1,t]i ∈ Ot
i

}
for i ∈ D and 0 ≤ t ≤ h− 1.

Since the definition of probabilistic equivalence requires a clustering up to stage t− 1 to be given,
Definition 4.7 should be interpreted as defining a clustering inductively. The clustering in stage 0
trivially consists of one equivalence class per agent (containing the empty observation history).

We now explain the intuition behind the criterion. If the clustering is incremental, then the
pair (ct−1

̸=i ,ot
̸=i) contains all information that the other agents will use to make decisions in future

stages. Hence, probabilistic equivalence states that agent i’s joint belief about the states and the
information of the other agents is the same for both LOHs.

We note that Oliehoek et al. [2009] instead consider clustering local action-observation histories.
However, when considering a fixed (past) policy (which Oliehoek et al. also require), we can
compute the action-observation history from the observation history. Hence, we instead state the
criterion in terms of local observation histories. In addition, rather than requiring that the beliefs

over the LOHs o
[1,t]
̸=i of the agents except agent i are the same, we only require that the beliefs

over the pairs (ct−1
̸=i ,ot

̸=i) are the same, which is a weaker condition.

We make these changes for two reasons. Firstly, the condition stated here aligns better with the

actual implementation. Namely, checking that Pr
(
st,o

[1,t]
̸=i

∣∣ o[1,t]i

)
= Pr

(
st,o

[1,t]
̸=i

∣∣ õ[1,t]i

)
requires

checking exponentially many equalities (in t), which is hence not feasible for large t. Secondly, this
condition is closer to the criterion used for lossless clustering for sliding window memory (which
we discuss in Section 4.5).

Examples. We now give examples of probabilistic equivalence in DecTiger (Example 3.2) and
in the partially observable grid problem POGrid(3) (Example 3.1).

Example 4.3 (Probabilistic equivalence in DecTiger). Suppose that the policy in stage 0 and
1 is such that no agent opens a door. Then the observation histories (HR,HL) and (HL,HR) are
probabilistically equivalent. However, (HR,HL) and (HL,HR) are not probabilistically equivalent
when an agent opens a door in stage 0 (but not in stage 1), since then the first observation is not
relevant while the second observation is. This illustrates the need to take into account the policy
of earlier stages when determining whether two observation histories can be clustered.
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Before turning to POGrid(3), we discuss how the probabilistic equivalence criterion simplifies
for a problem which is transition- and observation-independent Dec-POMDP (Section 3.4).

Remark 4.2 (Probabilistic equivalence in a transition- and observation-independent problem).
Consider a transition- and observation-independent Dec-POMDP. Hence, agents actually only
need to reason about their own local state to check for probabilistic equivalence.

We now formalize this. By definition, a transition- and observation-independent Dec-POMDP
has a factorized state space. Write si for the local state of agent i and s̸=i for the tuple of local
states of the other agents. Then we have

Pr
(
st̸=i, c

t−1
̸=i ,ot

̸=i

∣∣∣ o[1,t]i , sti

)
= Pr

(
st̸=i, c

t−1
̸=i ,ot

̸=i

∣∣∣ õ[1,t]i , sti

)
,

for any two LOHs o
[1,t]
i and õ

[1,t]
i , since the local state and the local observations of agent i are not

informative about the local state and local observations of the other agent. Hence, to show that

o
[1,t]
i ∼p õ

[1,t]
i , it is sufficient to show that

Pr
(
sti

∣∣∣ o[1,t]i

)
= Pr

(
sti

∣∣∣ õ[1,t]i

)
.

Namely, multiplying this equation by Pr
(
st̸=i, c

t−1
̸=i ,ot

̸=i

∣∣∣ o[1,t]i , sti

)
= Pr

(
st̸=i, c

t−1
̸=i ,ot

̸=i

∣∣∣ õ[1,t]i , sti

)
and rewriting using the definition of conditional probability yields the probabilistic equivalence

criterion Pr
(
st, ct−1

̸=i ,ot
̸=i

∣∣∣ o[1,t]i

)
= Pr

(
st, ct−1

̸=i ,ot
̸=i

∣∣∣ õ[1,t]i

)
.

Example 4.4 (Probabilistic equivalence in POGrid(3)). Recall that the partially observable grid
problem POGrid(3) has a factorized state space, where agent i’s local state is agent i’s position
in the grid. In addition, the problem is transition- and observation-independent, since actions
of one agent do not affect the location of the other agent and observations of one agent do not
provide any information about the location or observations of the other agent. Hence, we can use
the simpler criterion for probabilistic equivalence as explained in Remark 4.2.

Consider the agent that starts in the bottom left corner. Since agents observe in which column
they are, we can call its observations col.1, col.2 and col.3. Suppose that the agent always takes the
action of moving right in the first three stages. Recall that this means that the agent likely moves to
the right, but can also move in one of the other three directions or stay in-place. We now argue that
the observation histories (col.2, col.3, col.2) and (col.2, col.1, col.2) are probabilistically equivalent.
In both cases, the agent is in column 2 in stage 3. Moreover, because in both cases the column
always changed, the row of the agent did not change. Hence, in both cases the agent is still in the
bottom row. In particular, the belief about the state is the same for both observation histories, and
for this problem this implies that the observation histories are probabilistically equivalent.

4.3.1 Losslessness

We now prove that probabilistic equivalence clustering (Definition 4.7) is lossless, assuming that
it is incremental. We show this by showing (in two steps) that two probabilistically equivalent
LOHs induce the same multi-agent belief, so that we can use Corollary 4.1.

Lemma 4.2. Let C be a clustering which is incremental at stage t−1. Let cv̸=i denote the tuple of
clusters of the agents except agent i in stage v. If two LOHs of agent i induce the same distribution
over pairs (s, (ct−1

̸=i ,ot
̸=i)), then they induce the same distribution over the pairs (s, ct̸=i).

Proof. Since the clustering is incremental at stage t − 1, it holds that the clusters of agent j at
stage t in C are unions of clusters of the form{

o
[1,t−1]
j · otj

∣∣ o[1,t−1]
j ∈ ct−1

j

}
,

which is the cluster corresponding to the pair (ct−1
j , otj).
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For a given cluster ctj , we can hence compute which pairs (ct−1
j , otj) cluster into ctj . Formally,

we can define the set of these pairs as Ĉj(c
t
j) = {(ct−1

j , otj) : {o
[1,t−1]
j · otj

∣∣ o[1,t−1]
j ∈ ct−1

j } ⊆ ctj}.
For a given tuple of clusters ct̸=i, we can then define the set

Ĉ ̸=i(c
t
̸=i) = {(ct−1

̸=i ,ot
̸=i) : ∀j ̸= i.(ct−1

j , otj) ∈ Ĉj(c
t
j)}.

Then Ĉ ̸=i contains all pairs (c
t−1
̸=i ,ot

̸=i) that are clustered into ct̸=i.

Hence, we can compute the distribution over the pairs (s, ct̸=i) from the distribution over the

pairs (s, (ct−1
̸=i ,ot

̸=i)) by aggregating over the pairs (ct−1
̸=i ,ot

̸=i) ∈ Ĉ̸=i(c
t
̸=i). To make this explicit,

let o
[1,t]
i and õ

[1,t]
i be two LOHs which induce the same distribution over pairs (s, (ct−1

̸=i ,ot
̸=i)).

Then we have Pr
(
st, ct−1

̸=i ,ot
̸=i

∣∣∣ o[1,t]i

)
= Pr

(
st, ct−1

̸=i ,ot
̸=i

∣∣∣ õ[1,t]i

)
. Hence, we can compute

Pr
(
s, ct̸=i | o

[1,t]
i

)
=

∑
(ct−1

̸=i ,ot
̸=i)∈Ĉ̸=i(ct

̸=i)

Pr
(
st, ct−1

̸=i ,ot
̸=i

∣∣∣ o[1,t]i

)
=

∑
(ct−1

̸=i ,ot
̸=i)∈Ĉ̸=i(ct

̸=i)

Pr
(
st, ct−1

̸=i ,ot
̸=i

∣∣∣ õ[1,t]i

)
= Pr

(
s, ct̸=i | õ

[1,t]
i

)
.

Hence, we conclude that the LOHs induce the same distribution over pairs (s, ct̸=i), as required.

Note that Lemma 4.2 shows that probabilistically equivalent clusters induce the same distribu-
tion over pairs (s, ct̸=i). Next, we show that clusters that induce the same distribution over pairs

(s, ct̸=i), also induce the same multi-agent belief.

Lemma 4.3. Assume that the clustering is incremental. If two LOHs of agent i induce the same
distribution over pairs (s, ct̸=i), then they induce the same multi-agent belief.

Proof. Throughout the proof, fix a joint policy π.3 We first show that we can compute the multi-
agent belief state corresponding to a single pair (s, ct̸=i). We do this per agent j ̸= i. Let ctj be the

current cluster of agent j and let o
[1,t]
j ∈ ctj be any observation history in that cluster. Then the

subtree policy γh−t
j : O≤h−t−1

j → Aj satisfies γh−t
j (o

[t+1,v]
j ) = πj(o

[1,v]
j ) by Definition 4.4. Since

the clustering is incremental, the result does not depend on which o
[1,t]
j ∈ ctj we take. Hence, we

can compute γh−t
j if we know ctj . This implies that we can compute the multi-agent belief state

(s,γh−t
̸=i ) from (s, ct̸=i). Hence, if we have a distribution over pairs (s, ct̸=i), then we can compute

the corresponding distribution over pairs (s,γh−t
̸=i ), i.e. the corresponding multi-agent belief.

Using these two lemmas, it follows that probabilistic equivalence is lossless if it is incremental.

Lemma 4.4. If probabilistic equivalence clustering is incremental, then it is lossless.

Proof. Let o
[1,t]
i and õ

[1,t]
i be two LOHs with o

[1,t]
i ∼p õ

[1,t]
i . By Definition 4.6, this means that

the LOHs induce the same distribution over pairs (s, (ct−1
̸=i ,ot

̸=i)). Lemma 4.2 and 4.3 then imply
that they induce the same multi-agent belief. Finally, Corollary 4.1 then implies that the LOHs

o
[1,t]
i and õ

[1,t]
i can be clustered losslessly.

3At the moment the clustering is computed, the algorithm has not yet specified actions beyond stage t − 1.
However, the argument holds for any (possible) joint policy π, and the agents do have full knowledge of π when
actually executing the policy.
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4.3.2 Incrementality

Finally, we show that probabilistic equivalence clustering is incremental.

Lemma 4.5. Probabilistic equivalence clustering is incremental.

Proof. We use induction on the stage t ≥ 0. Note that incrementality at stage 0 holds trivially.

Now fix a stage t ≥ 1 and assume that incrementality holds at stage t−1. Fix an agent i. Let o
[1,t]
i

and õ
[1,t]
i with o

[1,t]
i ∼p õ

[1,t]
i be given. To show incrementality at stage t, we have to show that

when extending both LOHs with the same observation ot+1
i = õt+1

i , we have o
[1,t+1]
i ∼p õ

[1,t+1]
i .

Let at+1
̸=i denote the joint action of all agents except agent i. We first compute

Pr(st+1, ct̸=i,o
t+1
̸=i , ot+1

i | o[1,t]i ) =
∑
st

Pr(st+1, ct̸=i,o
t+1
̸=i , ot+1

i , st | o[1,t]i )

=
∑
st

Pr(st+1,ot+1 | ct̸=i, o
[1,t]
i , st) Pr(st, ct̸=i | o

[1,t]
i )

=
∑

st,at+1
̸=i

[
Pr(st+1,ot+1 | at+1

̸=i , ct̸=i, o
[1,t]
i , st) Pr(at+1

̸=i | c
t
̸=i, o

[1,t]
i , st) Pr(st, ct̸=i | o

[1,t]
i )

]
=

∑
st,at+1

̸=i

[
Pr(st+1,ot+1 | at+1, st) Pr(at+1

̸=i | c
t
̸=i, o

[1,t]
i , st) Pr(st, ct̸=i | o

[1,t]
i )

]
=

∑
st,at+1

̸=i

[
Pr(st+1,ot+1 | at+1, st) Pr(at+1

̸=i | c
t
̸=i) Pr(s

t, ct̸=i | o
[1,t]
i )

]
.

In the fourth step, we replace the conditioning on ct̸=i and o
[1,t]
i in Pr(st+1,ot+1 | at+1, st) by a

conditioning on at+1
i (together with the conditioning on at+1

̸=i , this yields a conditioning on at+1).

We can add the conditioning on at+1
i since at+1

i is determined by o
[1,t]
i (and the past policy, on

which we implicitly also condition). We can then remove the conditioning on ct̸=i and o
[1,t]
i due

to the Markov property of Dec-POMDPs. In the final step, we remove the conditioning on o
[1,t]
i

and st in Pr(at+1
̸=i | ct̸=i) since ct̸=i already determines the actions the agents except agent i take.

Now we show that the final expression for the probability Pr(st+1, ct̸=i,o
t+1
̸=i , ot+1

i | o[1,t]i ) given

above is the same when we use õ
[1,t]
i instead of o

[1,t]
i , i.e. we show that

Pr(st+1, ct̸=i,o
t+1
̸=i , ot+1

i | o[1,t]i ) = Pr(st+1, ct̸=i,o
t+1
̸=i , ot+1

i | õ[1,t]i )

by showing that∑
st,at+1

̸=i

[
Pr(st+1,ot+1 | at+1, st) Pr(at+1

̸=i | c
t
̸=i) Pr(s

t, ct̸=i | o
[1,t]
i )

]
=

∑
st,at+1

̸=i

[
Pr(st+1,ot+1 | at+1, st) Pr(at+1

̸=i | c
t
̸=i) Pr(s

t, ct̸=i | õ
[1,t]
i )

]
.

For this, it suffices to prove that Pr(st, ct̸=i | o
[1,t]
i ) = Pr(st, ct̸=i | õ

[1,t]
i ). By the induction hy-

pothesis, the clustering is incremental at stage t− 1,which implies that we can apply Lemma 4.2.

Note that o
[1,t]
i ∼p õ

[1,t]
i implies that Pr

(
st, ct−1

̸=i ,ot
̸=i

∣∣ o[1,t]i

)
= Pr

(
st, ct−1

̸=i ,ot
̸=i

∣∣ õ[1,t]i

)
. Now

Lemma 4.2 implies that Pr(st, ct̸=i | o
[1,t]
i ) = Pr(st, ct̸=i | õ

[1,t]
i ).
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To finish the proof, note that

Pr(st+1, ct̸=i,o
t+1
̸=i | o

[1,t+1]
i ) =

Pr(st+1, ct̸=i,o
t+1
̸=i , ot+1

i | o[1,t]i )

Pr(ot+1
i | o[1,t]i )

=
Pr(st+1, ct̸=i,o

t+1
̸=i , ot+1

i | o[1,t]i )∑
st+1,ct

̸=i,o
t+1
̸=i

Pr(st+1, ct̸=i,o
t+1
̸=i , ot+1

i | o[1,t]i )
.

In this fraction, the numerator and denominator do not change when using õ
[1,t]
i instead of o

[1,t]
i ,

since Pr(st+1, ct̸=i,o
t+1
̸=i , ot+1

i | o[1,t]i ) = Pr(st+1, ct̸=i,o
t+1
̸=i , ot+1

i | õ[1,t]i ) as shown above.

Hence, we conclude that

Pr(st+1, ct̸=i,o
t+1
̸=i | o

[1,t+1]
i ) = Pr(st+1, ct̸=i,o

t+1
̸=i | õ

[1,t+1]
i ).

for all st+1 ∈ S and all tuples ct̸=i,o
t+1
̸=i .

This means that identical extensions of probabilistically equivalent clusters are probabilistically
equivalent, which is what we need to show that the clustering is incremental.

Using Lemma 4.4 and 4.5, we conclude:

Theorem 4.1. Probabilistic equivalence clustering is lossless.

Finally, we note that we also call probabilistic equivalence clustering lossless clustering (as in the
literature), when it is clear from the context that this refers to this specific clustering.

4.4 Sliding Window Memory

Although lossless clustering (as introduced in Section 4.3) helps to reduce the number of (clustered)
local observation histories (LOHs) on which an action needs to be specified, computing a policy still
generally requires determining an action for exponentially many different observation histories. To
find (good, but not necessarily optimal) policies for large horizons, we therefore restrict our search
to the space of sliding k-window memory policies, which are policies that depend only on the last
k observations, or on all observations if there are fewer than k of them. Finally, we emphasize
that a best cluster policy corresponding to sliding k-window memory is not necessarily optimal.

We now introduce notation. Windows that end at stage t, start at stage ℓt = max(t−k, 0)+1.

A local policy πi has sliding window memory, if o
[ℓt,t]
i = õ

[ℓt,t]
i implies πi

(
o
[1,t]
i

)
= πi

(
õ
[1,t]
i

)
. We

now define the clustering corresponding to sliding k-window memory.

Definition 4.8 (Sliding k-window memory). The clustering for sliding k-window memory consists
of the partitions Ci,t (0 ≤ t ≤ h− 1), where

Ci,t =
{{

õ
[1,t]
i ∈ Ot

i

∣∣∣ õ[ℓt,t]i = o
[ℓt,t]
i

} ∣∣∣ o[ℓt,t]i ∈ Omin{t,k}
i

}
.

We identify the equivalence class (cluster) of all LOHs that have suffix o
[ℓt,t]
i with exactly this

suffix o
[ℓt,t]
i . In particular, we refer to equivalence classes of sliding k-window memory as suffixes.

We have |Ci,t| = |Oi|min{t,k}. Hence, the total number of clusters for a horizon h is bounded
by O(nh|O∗|k), where |O∗| is the size of the largest local observation set, which is polynomial in
h and |O∗| for fixed k.
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4.5 Lossless Clustering for Sliding Window Memory

Our next aim is to define a clustering that is lossless with respect to sliding k-window memory,
but clusters more LOHs than sliding k-window memory itself. Hence, we want to define a crite-
rion similar to the probabilistic equivalence criterion that allows us to (further) cluster suffixes
without further loss in policy value. The final criterion is more complicated than the probabilistic
equivalence criterion. However, we show that a few simpler and intuitive criteria do not yield a
clustering that is lossless and incremental.

A first attempt would be to cluster two suffixes o
[ℓt,t]
i and õ

[ℓt,t]
i if they induce the same belief

over the states and the pairs (ct−1
̸=i ,ot

̸=i), i.e. if

Pr
(
st, ct−1

̸=i ,ot
̸=i

∣∣∣ o[ℓt,t]i

)
= Pr

(
st, ct−1

̸=i ,ot
̸=i

∣∣∣ õ[ℓt,t]i

)
(4.1)

for all st ∈ S and all tuples ct−1
̸=i ,ot

̸=i. Using the DecTiger problem, we can show that this does
not yield an incremental clustering.

Example 4.5. Consider the DecTiger problem. We use windows of size k = 2. Suppose that
the policy in stage 0, 1 and 2 is such that no agent opens a door. Then the LOHs (HR,HL) and
(HL,HR) would be clustered according to Equation (4.1), since the order of the observations does
not matter when no agent opens a door inbetween. By incrementality, this means that we also
cluster the LOHs (HR,HL,HL) and (HL,HR,HL) that we get by extending them with HL. Because
we use windows of size k = 2, this implies that we cluster the suffixes (HL,HL) and (HR,HL) in
stage 3. However, these suffixes are not equivalent according to Equation (4.1).

When using sliding window memory, the order of the observations now does matter for when the
agent ‘forgets’ the observation, i.e. for when the observation leaves the window of k observations.
This explains why the LOHs (HR,HL) and (HL,HR) from Example 4.5 should not be clustered
when using sliding window memory. To account for this, we could require that the beliefs in

Equation (4.1) are the same for the two suffixes o
[v,t]
i and õ

[v,t]
i for any v ∈ {ℓt, . . . , t}, i.e.

Pr
(
st, ct−1

̸=i ,ot
̸=i

∣∣∣ o[v,t]i

)
= Pr

(
st, ct−1

̸=i ,ot
̸=i

∣∣∣ õ[v,t]i

)
(4.2)

for all v ∈ {ℓt, . . . , t}. Intuitively, this means that the belief is also the same for the two suf-
fixes when forgetting observations. Unfortunately, this still does not give rise to an incremental
clustering. We show this by example in Appendix A.2.2.

The remainder of this section is organized as follows. First we define weak equivalence, which
is essentially Equation (4.1), but with one change to make use of the fact that we cluster windows
of size k. Then we introduce suffix-equivalence, which finally gives us an incremental clustering.
Finally, we show that the clustering is indeed lossless and incremental.

4.5.1 Weak Equivalence

We now turn to weak equivalence, for which we first introduce the forget operator.

Forget operator. Recall that in probabilistic equivalence we consider distributions over pairs
(ct−1

̸=i ,ot
̸=i), because these pairs contains all information that the other agents will use to make

decisions in future stages. In sliding k-window memory, this is also true, but when t > k, we in
addition know that the agents ‘forget’ an observation, i.e., an observation leaves the window of k
observations. To formalize this, we define the forget operator.

Definition 4.9 (Forget operator). Fix a clustering C up to stage t − 1, and let j ∈ D be an
agent. Let C be the collection of clusterings up to stage t that agree with C up to stage t − 1,
are incremental at stage t − 1, and are coarser than sliding k-window memory. Let CF be the
finest clustering in C. We define the forget operator F by defining F (ct−1

j , otj) to be the cluster in

CF corresponding to any4 LOH o
[1,t]
j with o

[1,t−1]
j ∈ ct−1

j . We write F (ct−1
̸=i ,ot

̸=i) for the tuple of

clusters F (ct−1
j , otj) for j ̸= i.

4Note that the incrementality guarantees that it does not matter which LOH we choose.
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The following lemma (which we prove in Appendix A.2.3) ensures that the forget operator is
well-defined, by showing that there is a finest clustering satisfying these conditions.

Lemma 4.6 (Well-definedness of forget operator). Fix a clustering C up to stage t−1. Then there
exists a finest clustering CF up to stage t agreeing with C up to stage t− 1, which is incremental
at stage t− 1 and coarser than sliding k-window memory.

Weak equivalence. With this in hand, we now define weak equivalence.

Definition 4.10 (Weak equivalence). Let a clustering up to stage t−1, a policy up to stage t and an

initial belief be fixed. Two suffixes o
[ℓt,t]
i and õ

[ℓt,t]
i are weakly equivalent, written o

[ℓt,t]
i ∼w õ

[ℓt,t]
i , if

Pr
(
st, F (ct−1

̸=i ,ot
̸=i)

∣∣ o[ℓt,t]i

)
= Pr

(
st, F (ct−1

̸=i ,ot
̸=i)

∣∣ õ[ℓt,t]i

)
for all st ∈ S and all tuples ct−1

̸=i ,ot
̸=i.

Note that ∼w is an equivalence relation. The intuition behind this criterion is that this means

that the suffixes o
[ℓt,t]
i and õ

[ℓt,t]
i induce the same belief over states and the information that the

other agents use to choose their actions, using that the other agents forget an observation if t > k.
It is easier to satisfy than Equation (4.1).

4.5.2 Suffix-equivalence

As we have seen, weak equivalence does not yield an incremental clustering (the forget operator
does not change this). However, we can prove incrementality if we restrict the shape of the clusters.

In sliding k-window memory, all LOHs in a cluster have a common suffix o
[ℓt,t]
i of length k. To

further cluster the LOHs, we allow clustering LOHs with a common suffix o
[m,t]
i of any length.

This length is at most k since we consider clusterings which are coarser than sliding k-window
memory, but when the common suffix is shorter, we cluster more LOHs into one cluster than in
sliding k-window memory. We define these clusters using the following equivalence relation, which
we call suffix-equivalence.

Definition 4.11 (Suffix-equivalence). Consider two suffixes o
[ℓt,t]
i and õ

[ℓt,t]
i with largest common

suffix o
[m,t]
i = õ

[m,t]
i . They are suffix-equivalent, written o

[ℓt,t]
i ∼ õ

[ℓt,t]
i , if for all ô

[ℓt,t]
i with

ô
[m,t]
i = o

[m,t]
i , we have o

[ℓt,t]
i ∼w ô

[ℓt,t]
i .

In this definition, we allow m > t, in which case the suffix is empty, and then we cluster all
LOHs of agent i together. By definition, suffix-equivalence directly implies weak equivalence. In
Appendix A.2.4, we show that suffix-equivalence is an equivalence relation.

Lemma 4.7. Suffix-equivalence ∼ is an equivalence relation.

We write [o
[ℓt,t]
i ] for the set of LOHs that have a suffix in the equivalence class of o

[ℓt,t]
i . Using

these sets, we define the clustering corresponding to clustered sliding window memory.

Definition 4.12 (Clustered sliding window memory). The clustering corresponding to clustered

sliding k-window memory consists of the sets defined by Ci,t =
{
[o

[ℓt,t]
i ]

∣∣∣ o[ℓt,t]i ∈ Omin{t,k}
i

}
for i ∈ D and 0 ≤ t ≤ h− 1.

We note that clusters (as defined in Definition 4.1) contain LOHs, but we will say that a cluster

contains a suffix o
[ℓt,t]
i if it contains all LOHs with the suffix o

[ℓt,t]
i . The following lemma (which

we prove Appendix A.2.5) shows that clusters in clustered sliding window memory correspond to
a suffix (possibly of length smaller than the window size k).

Lemma 4.8. Let cti be a cluster in clustered sliding window memory. Then there exists a suffix

o
[m,t]
i such that cti contains precisely the suffixes with suffix o

[m,t]
i .
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We give an example of a clustering in clustered sliding window memory.

Example 4.6 (Clustered sliding window memory). Consider a Dec-POMDP with three local
observations X,Y and Z, and suppose that we use window size k = 3. Then a possible clustering
would be to cluster all 9 suffixes whose most recent local observation is X, all 3 suffixes that end
in XZ, all 3 suffixes that end in XY and keep the other 12 suffixes separate in their own clusters.

An example of a clustering that is not possible is one where precisely the 6 suffixes that in XY
or XZ are clustered, because this does not correspond to a single shorter common suffix. In fact,
the suffixes ending in XY and XZ can only be in the same cluster if all 27 suffixes are clustered
in one cluster (with the empty suffix as shorter common suffix).

A new insight presented in this thesis (compared to Koops et al. [2024]) is that Equation (4.2)
holds for any two suffixes that are clustered according to the definition of suffix-equivalence.

Lemma 4.9. Consider two suffixes o
[ℓt,t]
i and õ

[ℓt,t]
i which are suffix-equivalent, i.e. o

[ℓt,t]
i ∼ õ

[ℓt,t]
i .

Then Equation (4.2) holds for these two suffixes, i.e.

Pr
(
st, F (ct−1

̸=i ,ot
̸=i)

∣∣∣ o[v,t]i

)
= Pr

(
st, F (ct−1

̸=i ,ot
̸=i)

∣∣∣ õ[v,t]i

)
for all v ∈ {ℓt, . . . , t}, all st ∈ S and all tuples ct−1

̸=i ,ot
̸=i.

Proof. Let o
[m,t]
i = õ

[m,t]
i be the largest common suffix of o

[ℓt,t]
i and õ

[ℓt,t]
i . If v ≥ m, then

o
[v,t]
i = õ

[v,t]
i , and hence the claim holds trivially. Now suppose that v < m. Since o

[ℓt,t]
i ∼ õ

[ℓt,t]
i ,

we have o
[ℓt,t]
i ∼w ô

[ℓt,t]
i for all ô

[ℓt,t]
i with ô

[m,t]
i = o

[m,t]
i , so in particular for all ô

[ℓt,t]
i with

ô
[v,t]
i = o

[v,t]
i . This implies that

Pr
(
st, F (ct−1

̸=i ,ot
̸=i)

∣∣∣ o[ℓt,t]i

)
= Pr

(
st, F (ct−1

̸=i ,ot
̸=i)

∣∣∣ ô[ℓt,t]i

)
(⋆)

for all ô
[ℓt,t]
i with ô

[v,t]
i = o

[v,t]
i . Write Ŝ =

{
ô
[ℓt,t]
i

∣∣∣ ô[v,t]i = o
[v,t]
i

}
. Hence, we have

Pr
(
st, F (ct−1

̸=i ,ot
̸=i), o

[v,t]
i

)
=
∑

ô
[ℓt,t]
i ∈Ŝ

Pr
(
st, F (ct−1

̸=i ,ot
̸=i), ô

[ℓt,t]
i

)
=
∑

ô
[ℓt,t]
i ∈Ŝ

Pr
(
st, F (ct−1

̸=i ,ot
̸=i)

∣∣ ô[ℓt,t]i

)
Pr
(
ô
[ℓt,t]
i

)
=
∑

ô
[ℓt,t]
i ∈Ŝ

Pr
(
st, F (ct−1

̸=i ,ot
̸=i)

∣∣ o[ℓt,t]i

)
Pr
(
ô
[ℓt,t]
i

)
= Pr

(
st, F (ct−1

̸=i ,ot
̸=i)

∣∣ o[ℓt,t]i

)∑
ô
[ℓt,t]
i ∈Ŝ

Pr
(
ô
[ℓt,t]
i

)
= Pr

(
st, F (ct−1

̸=i ,ot
̸=i)

∣∣ o[ℓt,t]i

)
Pr
(
o
[v,t]
i

)
where we use in the first (and last) step that the observed suffix is o

[v,t]
i if and only if the observed

suffix is a (longer) suffix from Ŝ, and in the third step we use (⋆).

By conditioning on o
[v,t]
i , we conclude that

Pr
(
st, F (ct−1

̸=i ,ot
̸=i)

∣∣ o[v,t]i

)
= Pr

(
st, F (ct−1

̸=i ,ot
̸=i)

∣∣ o[ℓt,t]i

)
.

Since ∼ is symmetric, we also have õ
[ℓt,t]
i ∼ o

[ℓt,t]
i , so it follows in the same way that

Pr
(
st, F (ct−1

̸=i ,ot
̸=i)

∣∣ õ[v,t]i

)
= Pr

(
st, F (ct−1

̸=i ,ot
̸=i)

∣∣ õ[ℓt,t]i

)
.

Finally, we also have o
[ℓt,t]
i ∼w õ

[ℓt,t]
i , which implies

Pr
(
st, F (ct−1

̸=i ,ot
̸=i)

∣∣ o[ℓt,t]i

)
= Pr

(
st, F (ct−1

̸=i ,ot
̸=i)

∣∣ õ[ℓt,t]i

)
.

Combining these three equalities yields

Pr
(
st, F (ct−1

̸=i ,ot
̸=i)

∣∣ o[v,t]i

)
= Pr

(
st, F (ct−1

̸=i ,ot
̸=i)

∣∣ õ[v,t]i

)
,

which is the equality that we had to prove.
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This result allows us to use a simpler definition of clustered sliding window memory compared
to the definition we used in Koops et al. [2024], where we instead used Equation (4.2) (with the
forget operator) as definition of weak equivalence (called belief-equivalence in Koops et al. [2024]).
This simpler definition does not yield a reduction in the number of clusters (since both definitions
are equivalent), but it does provide a faster way to check whether two suffixes should be clustered.

4.5.3 Losslessness

We now prove that clustering sliding window memory (Definition 4.12) is lossless, assuming that
it is incremental. Similarly to Section 4.3.1, we do this in two steps. However, we can reuse the
second step (Lemma 4.3) directly. We first show a statement similar to Lemma 4.2.

Lemma 4.10. Let C be a clustering which is incremental at stage t− 1 and coarser than sliding
k-window memory clustering. Let cv̸=i denote the tuple of clusters of the agents except agent i in

stage v. If two suffixes of agent i induce the same distribution over pairs (s, F (ct−1
̸=i ,ot

̸=i)), then

they induce the same distribution over the pairs (s, ct̸=i).

Proof. By definition, the clusters in F (ct−1
̸=i ,ot

̸=i) are the clusters in the finest clustering CF which
is incremental at stage t − 1 and coarser than sliding k-window memory clustering. Since C is
incremental at stage t − 1 and coarser than sliding k-window memory clustering, it follows that
CF is finer than C, so clusters in C are unions of clusters in CF .

Hence, we can compute the distribution over the pairs (s, ct̸=i) from the distribution over the

pairs (s, F (ct−1
̸=i ,ot

̸=i)) by aggregating over all tuples of clusters in CF that are clustered to the
same cluster in C, which implies the claim.

Using this, we can show that clustered sliding k-window memory is lossless if it is incremental.

Lemma 4.11. If a clustering is incremental, coarser than sliding k-window memory and finer
than weak equivalence, then it is lossless with respect to sliding k-window memory.

Proof. Let C be a clustering satisfying the conditions of the lemma. Fix an agent i, a stage t, and

a cluster cti ∈ Ci,t. Let o
[ℓt,t]
i , õ

[ℓt,t]
i ∈ cti be given. Since o

[ℓt,t]
i and õ

[ℓt,t]
i are in the same cluster and

C is finer than weak equivalence, we have o
[ℓt,t]
i ∼w õ

[ℓt,t]
i . By the definition of weak equivalence,

this implies that o
[ℓt,t]
i and õ

[ℓt,t]
i induce the same distribution over pairs (s, F (ct−1

̸=i ,ot
̸=i)). By

Lemma 4.10 and 4.3, it follows that o
[ℓt,t]
i and õ

[ℓt,t]
i induce the same multi-agent beliefs. Hence,

Corollary 4.1 implies that o
[ℓt,t]
i and õ

[ℓt,t]
i can be clustered together losslessly.

4.5.4 Incrementality

Finally, we show that clustered sliding window memory is incremental. The overall strategy of
the proof is similar to Lemma 4.5, but we need several extra steps.

Lemma 4.12. Clustered sliding window memory is incremental.

Proof. We use induction on the stage t ≥ 0. Note that incrementality at stage 0 holds trivially.
Now fix t ≥ 1 and assume that incrementality holds at stage t − 1. Fix an agent i. Let suffixes

o
[ℓt,t]
i and õ

[ℓt,t]
i with o

[ℓt,t]
i ∼ õ

[ℓt,t]
i be given. To show incrementality at stage t, we have to show

that o
[ℓt+1,t+1]
i ∼ õ

[ℓt+1,t+1]
i when extending both suffixes with the same observation ot+1

i = õt+1
i .

Let o
[m,t+1]
i = õ

[m,t+1]
i be the largest common suffix of o

[ℓt+1,t+1]
i and õ

[ℓt+1,t+1]
i . Then m ≤ t+1

since ot+1
i = õt+1

i . Note that o
[ℓt,t]
i and õ

[ℓt,t]
i have common suffix o

[m,t]
i = õ

[m,t]
i . If m = ℓt+1, then

we have o
[ℓt+1,t+1]
i = õ

[ℓt+1,t+1]
i and hence trivially o

[ℓt+1,t+1]
i ∼ õ

[ℓt+1,t+1]
i . From now on assume

that m > ℓt+1. Then o
[m,t]
i = õ

[m,t]
i is the largest common suffix of o

[ℓt,t]
i and õ

[ℓt,t]
i . By Lemma 4.8

this implies that all clusters ô
[ℓt,t]
i with o

[m,t]
i = ô

[m,t]
i are clustered, i.e. o

[ℓt,t]
i ∼ ô

[ℓt,t]
i for all ô

[ℓt,t]
i

with o
[m,t]
i = ô

[m,t]
i . Since ℓt ≤ ℓt+1, Lemma 4.9 then implies that

Pr
(
st, F (ct−1

̸=i ,ot
̸=i)

∣∣ o[ℓt+1,t]
i

)
= Pr

(
st, F (ct−1

̸=i ,ot
̸=i)

∣∣ ô[ℓt+1,t]
i

)
(⋆)
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for all ô
[ℓt,t]
i with o

[m,t]
i = ô

[m,t]
i .

Let at+1
̸=i denote the joint action of all agents except agent i. We first compute

Pr(st+1, ct̸=i,o
t+1
̸=i , ot+1

i | o[ℓt+1,t]
i ) =

∑
st

Pr(st+1, ct̸=i,o
t+1
̸=i , ot+1

i , st | o[ℓt+1,t]
i )

=
∑
st

Pr(st+1,ot+1 | ct̸=i, o
[ℓt+1,t]
i , st) Pr(st, ct̸=i | o

[ℓt+1,t]
i )

=
∑

st,at+1

[
Pr(st+1,ot+1 | at+1, ct̸=i, o

[ℓt+1,t]
i , st) Pr(at+1 | ct̸=i, o

[ℓt+1,t]
i , st) Pr(st, ct̸=i | o

[ℓt+1,t]
i )

]
=

∑
st,at+1

[
Pr(st+1,ot+1 | at+1, st) Pr(at+1 | ct̸=i, o

[ℓt+1,t]
i , st) Pr(st, ct̸=i | o

[ℓt+1,t]
i )

]
.

=
∑

st,at+1

[
Pr(st+1,ot+1 | at+1, st) Pr(at+1

̸=i | c
t
̸=i) Pr(a

t+1
i | ct̸=i, o

[ℓt+1,t]
i , st) Pr(st, ct̸=i | o

[ℓt+1,t]
i )

]
.

In the fourth step, we remove the conditioning on ct̸=i and o
[ℓt+1,t]
i in Pr(st+1,ot+1 | at+1, st) due

to the Markov property of Dec-POMDPs. In the final step, we use that

Pr(at+1 | ct̸=i, o
[ℓt+1,t]
i , st) = Pr(at+1

̸=i | c
t
̸=i, o

[ℓt+1,t]
i , st, at+1

i ) Pr(at+1
i | ct̸=i, o

[ℓt+1,t]
i , st)

= Pr(at+1
̸=i | c

t
̸=i) Pr(a

t+1
i | ct̸=i, o

[ℓt+1,t]
i , st)

where we remove the conditioning on o
[ℓt+1,t]
i , st, and at+1

i in Pr(at+1
̸=i | ct̸=i) since ct̸=i already

completely determines the actions the agents except agent i take.

To show that o
[ℓt+1,t+1]
i ∼ õ

[ℓt+1,t+1]
i , we have to show that o

[ℓt+1,t+1]
i ∼w ô

[ℓt+1,t+1]
i for all

ô
[ℓt+1,t+1]
i such that o

[m,t+1]
i = ô

[m,t+1]
i . Let ô

[ℓt+1,t+1]
i such that o

[m,t+1]
i = ô

[m,t+1]
i be given.

Now we show that the final expression for the probability Pr(st+1, ct̸=i,o
t+1
̸=i , ot+1

i | o[ℓt+1,t]
i )

given above is the same when we use ô
[ℓt+1,t]
i instead of o

[ℓt+1,t]
i . We show this for each of the four

factors individually.

• The first two factors do not depend on o
[ℓt+1,t]
i .

• For the third factor we have to show that

Pr(at+1
i | ct̸=i, o

[ℓt+1,t]
i , st) = Pr(at+1

i | ct̸=i, ô
[ℓt+1,t]
i , st).

Recall that o
[m,t]
i = õ

[m,t]
i is the largest common suffix of o

[ℓt,t]
i and õ

[ℓt,t]
i , and that m > ℓt+1.

By Lemma 4.8, this implies that all suffixes with suffix o
[m,t]
i are clustered together. This in

turn implies that o
[m,t]
i determines the action at+1

i that agent i takes. Since o
[m,t]
i = ô

[m,t]
i

(we assume that o
[m,t+1]
i = ô

[m,t+1]
i ), this shows that the factors are equal.

• For the fourth factor, we use (⋆), which states that

Pr(st, F (ct−1
̸=i ,ot

̸=i) | o
[ℓt+1,t]
i ) = Pr(st, F (ct−1

̸=i ,ot
̸=i) | ô

[ℓt+1,t]
i ).

By the induction hypothesis, the clustering is incremental at stage t− 1. Hence, we can use
Lemma 4.10 to go from a distribution over pairs (st, F (ct−1

̸=i ,ot
̸=i)) to distribution over pairs

(st, ct̸=i), which yields the required equality

Pr(st, ct̸=i | o
[ℓt+1,t]
i ) = Pr(st, ct̸=i | ô

[ℓt+1,t]
i ).

Finally, note that

Pr(st+1, ct̸=i,o
t+1
̸=i | o

[ℓt+1,t+1]
i ) =

Pr(st+1, ct̸=i,o
t+1
̸=i , ot+1

i | o[ℓt+1,t]
i )

Pr(ot+1
i | o[ℓt+1,t]

i )

=
Pr(st+1, ct̸=i,o

t+1
̸=i , ot+1

i | o[ℓt+1,t]
i )∑

st+1,ct
̸=i,o

t+1
̸=i

Pr(st+1, ct̸=i,o
t+1
̸=i , ot+1

i | o[ℓt+1,t]
i )

.
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In this fraction, the numerator and denominator do not change when using ô
[ℓt+1,t]
i instead

of o
[ℓt+1,t]
i , since Pr(st+1, ct̸=i,o

t+1
̸=i , ot+1

i | o[ℓt+1,t]
i ) = Pr(st+1, ct̸=i,o

t+1
̸=i , ot+1

i | ô[ℓt+1,t]
i ) as shown

above. Hence, it follows that

Pr(st+1, ct̸=i,o
t+1
̸=i | o

[ℓt+1,t+1]
i ) = Pr(st+1, ct̸=i,o

t+1
̸=i | ô

[ℓt+1,t+1]
i ).

We can now sum over all ct̸=i,o
t+1
̸=i that end up in the same cluster F (ct̸=i,o

t+1
̸=i ). Hence, we

conclude that

Pr(st+1, F (ct̸=i,o
t+1
̸=i ) | o[ℓt+1,t+1]

i ) = Pr(st+1, F (ct̸=i,o
t+1
̸=i ) | ô[ℓt+1,t+1]

i ),

This implies that o
[ℓt+1,t+1]
i ∼w ô

[ℓt+1,t+1]
i for all ô

[ℓt+1,t+1]
i such that o

[m,t+1]
i = ô

[m,t+1]
i , which

finally implies that o
[ℓt+1,t+1]
i ∼ õ

[ℓt+1,t+1]
i . This means that identical extensions of suffix-equivalent

clusters are suffix-equivalent, which is what we need to show that the clustering is incremental.

Using Lemma 4.11 and 4.12, we conclude:

Theorem 4.2. Clustered sliding k-window memory is lossless w.r.t. sliding k-window memory.

Proof. We show that the conditions of Lemma 4.11 are satisfied. Lemma 4.12 implies that clustered
sliding k-window memory is incremental. Since we cluster suffixes of length k further together, it
follows that clustered sliding k-window memory is coarser than sliding k-window memory. Finally,
since suffix-equivalence implies weak equivalence, clustered sliding k-window memory is finer than
the clustering corresponding to weak equivalence. Hence, Lemma 4.11 implies that clustered
sliding k-window memory is lossless with respect to sliding k-window memory.

4.6 Probability-Based Clustering

Using (clustered) sliding k-window memory avoids the exponential blowup in the number of clus-
ters that occurs in the general case for lossless clustering. Nevertheless, even for k = 2 or k = 3
the number of clusters can in practice already be too large for our search algorithm to find near-
optimal policies within the space of sliding k-window memory policies, especially if little additional
(lossless) clustering of k-windows is possible.

To further limit the number of clusters, and focus the search on clusters that have a higher
probability, we can also cluster suffixes together to a smaller common suffix if the probability
corresponding to the smaller common suffix is still smaller than some threshold pmax.

To define this, we first introduce the probability of a suffix Pr(o
[m,t]
i ), where we implicitly

condition on the initial belief and on the joint policy up to stage t. This is the probability that

agent i observes the observations in o
[m,t]
i in stage m up to stage t.

Definition 4.13 (Approximate equivalence). Let 0 < pmax < 1, and let k be a window size.

Consider two suffixes o
[ℓt,t]
i and õ

[ℓt,t]
i with largest common suffix o

[m,t]
i = õ

[m,t]
i . They are approx-

imately equivalent, written o
[ℓt,t]
i ≈ õ

[ℓt,t]
i , if o

[ℓt,t]
i ∼ õ

[ℓt,t]
i or Pr(o

[m,t]
i ) ≤ pmax. Here ∼ denotes

suffix-equivalence corresponding to window size k.

Lemma 4.13. Approximate equivalence ≈ is an equivalence relation.

We prove Lemma 4.13 in Appendix A.2.6. Since approximate equivalence is an equivalence
relation, its equivalence classes can be used to define a clustering.

Definition 4.14 (Probability-based clustering). The clustering corresponding to probability-based
clustering with window size k and threshold pmax consists of the sets defined by

Ci,t =
{
[o

[ℓt,t]
i ]

∣∣∣ o[ℓt,t]i ∈ Omin{t,k}
i

}
for i ∈ D and 0 ≤ t ≤ h − 1, where [o

[ℓt,t]
i ] denotes the set of LOHs that have a suffix in the

equivalence class of o
[ℓt,t]
i of approximate equivalence with window size k and threshold pmax.
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In Appendix A.2.7, we show that clusters in probability-based clustering also correspond to a
suffix, similarly to clusters in clustered sliding window memory.

Lemma 4.14. Let cti be a cluster in probability-based clustering. Then there exists a suffix o
[m,t]
i

such that cti contains precisely the suffixes with suffix o
[m,t]
i .

Next, we show that probability-based clustering is incremental.

Lemma 4.15. Probability-based clustering is incremental.

Proof. Let two suffixes o
[ℓt,t]
i and õ

[ℓt,t]
i with o

[ℓt,t]
i ≈ õ

[ℓt,t]
i be given. Let ot+1

i = õt+1
i be an

additional observation. To show incrementality, we have to show that o
[ℓt+1,t+1]
i ≈ õ

[ℓt+1,t+1]
i .

Let o
[m,t]
i = õ

[m,t]
i be the largest common suffix of o

[ℓt,t]
i and õ

[ℓt,t]
i . If m ≤ ℓt+1, then we have

o
[ℓt+1,t+1]
i = õ

[ℓt+1,t+1]
i and hence o

[ℓt+1,t+1]
i ≈ õ

[ℓt+1,t+1]
i . Assume from now on that m > ℓt+1.

Since o
[ℓt,t]
i ≈ õ

[ℓt,t]
i , we have o

[ℓt,t]
i ∼ õ

[ℓt,t]
i or Pr(o

[m,t]
i ) ≤ pmax. We distinguish these two

cases. First suppose that o
[ℓt,t]
i ∼ õ

[ℓt,t]
i . Then Lemma 4.12 implies that o

[ℓt+1,t+1]
i ∼ õ

[ℓt+1,t+1]
i ,

which in turn implies that o
[ℓt+1,t+1]
i ≈ õ

[ℓt+1,t+1]
i .

Now suppose that Pr(o
[m,t]
i ) ≤ pmax. Since m > ℓt+1 and ot+1

i = õt+1
i , it follows that o

[m,t+1]
i =

õ
[m,t+1]
i is the largest common suffix of o

[ℓt+1,t+1]
i and õ

[ℓt+1,t+1]
i . Since Pr(o

[m,t+1]
i ) ≤ Pr(o

[m,t]
i ) ≤

pmax, this implies that o
[ℓt+1,t+1]
i ≈ õ

[ℓt+1,t+1]
i .

Finally, we show an upper bound on the maximum number of clusters in probability-based
clustering. It should be noted that this is a worst-case bound. The number of clusters is typically
much smaller.

Lemma 4.16 (Maximum number of clusters in probability-based clustering). Suppose that we
use probability-based clustering with window size k and threshold 0 < pmax < 1. Then the number
of clusters of agent i is upper bounded by k

pmax
|Oi|.

Proof. If the clustering contains only a single cluster (with the empty suffix as common suffix),

then the claim holds. Otherwise, every cluster corresponds to a suffix o
[m,t]
i with m ≤ t. For

a cluster corresponding to suffix o
[m,t]
i , call o

[m+1,t]
i its parent suffix. This is a suffix of length

between 0 and k− 1. Since the suffixes with common suffix o
[m+1,t]
i are not all clustered together,

we must have Pr(o
[m+1,t]
i ) > pmax. This implies that there are less than 1

pmax
parent suffixes of a

given length, so at most k
pmax

parent suffixes in total. For each parent suffix, there are at most

|Oi| clusters. Hence, the total number of clusters is at most k
pmax
|Oi|.
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5 Multi-Agent A∗

In this section, we discuss multi-agent A∗ (MAA∗), which is the search algorithm that we use
to search through the space of policies. In Section 5.1, we give a general introduction to A∗

algorithms. In Section 5.2, we discuss the MAA∗ algorithm for Dec-POMDPs [Szer et al., 2005].
Sections 5.3 and 5.4 proceed by discussing generalized MAA∗ (GMAA∗) [Oliehoek et al., 2008b] and
its state-of-the-art extension GMAA∗-ICE [Spaan et al., 2011; Oliehoek et al., 2013], respectively.

Next, we turn to our contributions. Section 5.5 discusses small-step MAA∗, our novel variant
of MAA∗. Finally, in Section 5.6 we discuss two optimizations to more efficiently find an optimal
policy for the last stage given the policy for the earlier stages.

5.1 A∗ Algorithms

We start by giving an introduction to A∗ algorithms [Hart et al., 1968; Russell and Norvig, 2020].
A∗ algorithms were originally developed for solving shortest-path problems, but can be applied to
a variety of combinatorial optimization problems.

We introduce A∗ search over a rooted search tree T = (V, E) for a particular problem. The
leaves of T represent a fully specified solution to the problem, while the other nodes of the tree
represent partially specified solutions to the problem. Let F ⊆ V denote the set of leaves. There
is a value function V : F → R that gives the value of a solution, and the goal is to find a solution
f∗ ∈ argmax

f∈F
V (f) maximizing the value.

To guide the search, we need a heuristic Q : V → R that assigns a heuristic value to each node
in the tree. The algorithm uses a priority queue L storing nodes v ∈ V sorted in descending order
by heuristic value Q(v). Initially, L only contains the root of the search tree T . In each step, a
node v with the highest heuristic value is removed from L. If v ∈ F , i.e. if v is a leaf, then that
node is returned as the final solution. Otherwise, all children of v in the search tree are added to
the priority queue L. Algorithm 1 summarizes this algorithm.

Algorithm 1 A∗

Input: Rooted search tree T = (V, E), heuristic Q : V → R
Output: An f ∈ F , where F ⊆ V is the set of leaves of T
L← PriorityQueue() ▷ sorted in descending order by Q-value
L.push(root(T ))
while true do
v ← L.pop()
if v ∈ F then

return v
for all children v′ of v in T do

L.push(v′)

We note that A∗ algorithms are presented differently in the context of finding shortest paths.

Remark 5.1. In the context of shortest path-finding, A∗ is applied to a general graph G = (V, E).
A single node vGoal ∈ V is the final destination, rather than each leaf representing a complete
solution. Also, rather than having a root, we specify a starting node.

In addition, heuristics need to be defined differently if G is not a tree. Namely, a node v ∈ V
may then be reachable in multiple ways from the starting node. As a result, a path-dependent cost
function from the start to v and a heuristic providing an estimate of the remaining distance from
v to the goal are used. Since we use a (search) tree, we use a heuristic Q : V → R, where Q(v) is
an estimate of the total distance from the starting node via the node v to the goal.

Notation. Next, we introduce some notation. The set of extensions E(v) of a node v ∈ V is the
set of fully specified solutions f ∈ F that are a descendant of v. Also, let root(T ) denote the root
of the search tree T and let v− denote the parent of a node v ∈ V.
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Figure 8: Example run of an A∗ algorithm. The numbers in the nodes denote heuristic values, the red
nodes are the nodes in the priority queue, and dark gray nodes are nodes that have been expanded already.

We now turn to a key invariant of the A∗ algorithm.

Lemma 5.1 (Invariant). The following is an invariant of A∗ search (Algorithm 1): until the
algorithm pops and returns a leaf, it holds that for each f ∈ F , the priority queue L contains a
node v ∈ V such that f ∈ E(v), i.e. such that f is an descendant of v.

Proof. We prove the invariant by induction on the while loop in Algorithm 1. The invariant holds
initially because each leaf f ∈ F is a descendant of the root of T . Now suppose that the invariant
holds at the start of the while loop. Let v ∈ V be the popped node and suppose that v ̸∈ F . If
f ∈ F is not a descendant of the popped node v, then nothing changes. Otherwise, if f ∈ F is a
descendant of v, then f is also a descendant of one of the children of v (which are added to L),
since v ̸= f . Hence, the invariant still holds after popping v and adding all children of v to L.
This completes the induction and hence the proof.

Example 5.1 (A∗ search). Figure 8 gives a concrete example of an A∗ search over a search tree T
with 8 nodes. The six trees in Figure 8 show the heuristics that have been computed after each
iteration of the while loop in Algorithm 1, the nodes that are in the priority queue (in red) and the
nodes that have been expanded already (in dark gray). Each time, a node in the priority queue with
the highest heuristic value is expanded. In the final tree, the node with the highest heuristic value
4 is a leaf, which is hence returned as final solution. This example also illustrates the invariant
proven in Lemma 5.1: in each tree, it holds that each leaf is a descendant of a red node.

5.1.1 Admissible Heuristics

The A∗ algorithm returns an optimal solution f∗ if the heuristic Q is admissible, and equals the
value V (f) for fully specified solutions. We first define admissible heuristics:

Definition 5.1 (Admissible heuristic). A heuristic Q : V → R is called admissible if it is an
overapproximation, i.e. Q(v) ≥ max

f∈E(v)
V (f) for all v ∈ V.

When using A∗ with an admissible heuristic, the resulting algorithm finds an optimal solution.

Lemma 5.2 (A∗ with an admissible heuristic is exact). Let T = (V, E) be a rooted search tree,
let F ⊆ V denote the set of leaves of T , and let V : F → R be a value function. If Q : V → R is
an admissible heuristic and Q(f) = V (f) for all f ∈ F , then A∗ search (Algorithm 1) outputs an
optimal solution f∗ ∈ argmax

f∈F
V (f).
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Proof. We use the invariant shown in Lemma 5.1. Let f∗ ∈ F be the solution that Algorithm 1
returns and let f ∈ F be any fully specified solution. Let L be the priority queue just before f∗

is popped. By the invariant, there exists a v ∈ V in L such that f ∈ E(v). Then

V (f∗) = Q(f∗) ≥ Q(v) ≥ max
f ′∈E(v)

V (f ′) ≥ V (f).

where the first inequality holds because L is a priority queue and f∗ was popped before v, and
the second inequality holds because Q is admissible. Since f ∈ F was any fully specified solution,
this shows that V (f∗) ≥ V (f) for all f ∈ F , i.e. f∗ ∈ argmax

f∈F
V (f).

Using a similar argument, we can also show that the highest heuristic value in the priority
queue at any point is an upper bound for the optimal value.

Lemma 5.3. Let T = (V, E) be a rooted search tree, let F ⊆ V denote the set of leaves of T , and
let V : F → R be a value function. Let Q : V → R be an admissible heuristic. Assume that the A∗

search (Algorithm 1) has not terminated after expanding M nodes. Let vM ∈ V be a node with the
highest heuristic value Q(vM ) in the priority queue after expanding M nodes. Let V (f∗) denote
the value of an optimal solution. Then Q(vM ) ≥ V (f∗).

Proof. We use the invariant proven in Lemma 5.1. Let f ∈ F be any fully specified solution. Let
L be the priority queue after the A∗ has expanded M nodes. By the invariant, there exists a v ∈ V
in the priority queue L such that f ∈ E(v). Then

Q(vM ) ≥ Q(v) ≥ max
f ′∈E(v)

V (f ′) ≥ V (f).

where the first inequality holds because vM is a node with the highest heuristic value in the priority
queue, and the second inequality holds because Q is admissible. Since f ∈ F was any fully specified
solution, this shows that Q(vM ) ≥ V (f) for all f ∈ F and hence also Q(vM ) ≥ V (f∗).

Lemma 5.3 shows that A∗ algorithms can also be used as an anytime algorithm to compute
upper bounds on the value of an optimal solution, by terminating at any point and returning the
highest heuristic value in the priority queue.

5.1.2 Consistent Heuristics

We now discuss consistent heuristics. Since the value of an admissible heuristic at a node v ∈ V is
an upper bound on the value of all fully specified descendants of v, and deeper nodes have fewer
descendants, it is natural for the heuristic values to decrease as we go deeper in the search tree.
In particular, the heuristic value of a node should be at most the heuristic value of its parent. If
this holds for all nodes and also Q(f) = V (f) for all f ∈ F , we call the heuristic consistent.

Definition 5.2 (Consistent heuristic). Let T = (V, E) be a rooted search tree, let F ⊆ V denote
the set of leaves of T , and let V : F → R be a value function. A heuristic Q : V → R is called
consistent if 1) for all nodes v ∈ V \ {root(T )}, it holds that Q(v−) ≥ Q(v) and 2) for all f ∈ F ,
it holds that Q(f) = V (f).

When using a consistent heuristic, the heuristic values of the nodes expanded by the A∗

algorithm become smaller as the algorithm progresses. We show this in the following lemma.

Lemma 5.4. Let Q : V → R be a consistent heuristic. Let vj ∈ V denote the jth node expanded
by A∗ search (Algorithm 1). Then Q(vj) ≥ Q(vj+1). Hence, the sequence {Q(vj)} is descending.

Proof. Let Lj and Lj+1 denote the set of nodes in the queue before and after expanding vj ,
respectively. If vj is expanded, then it holds that Q(vj) ≥ Q(v) for all v ∈ Lj , since A∗ expands
a node with the highest heuristic value in the priority queue. When expanding vj , we add all
children v′ of vj to the priority queue. Since Q is consistent, we have Q(vj) ≥ Q(v′) for all
children v′. Hence, we also have Q(vj) ≥ Q(v) for all v ∈ Lj+1. Since the next node expanded
vj+1 is a node from Lj+1, we conclude that Q(vj) ≥ Q(vj+1).
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If a heuristic is consistent and coincides with the value function on fully specified solutions,
then it is admissible. Intuitively, this holds because the heuristic value of a node is an upper
bound for the heuristic value of all descendants for a consistent heuristic.

Lemma 5.5. Let T = (V, E) be a rooted search tree. Let Q : V → R be a consistent heuristic.
Then Q is admissible.

Proof. We show that Q is admissible using induction on the search tree (starting at the leaves).
For leaves, which contain a fully specified solution f , we have Q(f) = V (f) = max

f ′∈E(f)
V (f ′), since

E(f) = {f}. Now let v be a node which is not a leaf and let v′1, . . . , v
′
m be its children. Note that

E(v) = E(v′1) ∪ . . . ∪ E(v′m). Since Q is consistent, we have Q(v) ≥ Q(v′j) for 1 ≤ j ≤ m. Hence,

Q(v) ≥ max
1≤j≤m

Q(v′j) ≥ max
1≤j≤m

max
f ′∈E(v′

j)
V (f ′) = max

f ′∈E(v′
1)∪...∪E(v′

m)
V (f ′) = max

f ′∈E(v)
V (f ′).

This completes the induction. Hence, we conclude that Q is admissible.

Using Lemma 5.4, we can say which nodes A∗ expands, except nodes for which the heuristic value
equals the value of the optimal solution. For these nodes it depends on how nodes are ordered in
the priority queue which have the same heuristic value.

Lemma 5.6. Let T = (V, E) be a rooted search tree. Let Q : V → R be a consistent heuristic.
Let V (f∗) denote the value of an optimal solution. Then A∗ expands all nodes v ∈ V with
Q(v) > V (f∗) and no nodes with Q(v) < V (f∗).

Proof. By Lemma 5.5, Q is admissible. The final node that A∗ pops is therefore an optimal,
fully specified solution f∗, with heuristic value Q(f∗) = V (f∗). Let v ∈ V be a node that is
expanded. By Lemma 5.4, it then follows that Q(v) ≥ Q(f∗) = V (f∗). In particular, no nodes
with Q(v) < V (f∗) are expanded.

Conversely, consider a node with Q(v) > V (f∗) and suppose that it is not expanded. Let v′

be the most shallow ancestor of v′ that is not expanded. Then the parent of v′ is expanded (since
v′ is not the root), so v′ is in the priority queue from that point onwards and in particular when
the final node is popped. However, since Q is consistent we have Q(v′) ≥ Q(v) > V (f∗), which
means that v′ would be popped rather than f∗ at the end. This is a contradiction, so we conclude
that all nodes v with Q(v) > V (f∗) are expanded.

If an admissible heuristic is not consistent, then we can make it consistent without losing
admissibility [Mérõ, 1984]. We show this in the following lemma. We note that the lemma is not
true in the context of path-finding where A∗ is applied to a general graph [Holte, 2010].

Lemma 5.7. Let Q : V → R be an admissible heuristic such that Q(f) = V (f) for f ∈ F . Define
the heuristic Qc : V → R inductively by Qc(root(T )) = Q(root(T )) and Qc(v) = min{Qc(v

−), Q(v)}
if v ̸= root(T ). Then Qc is admissible and consistent.

Proof. We show admissibility by induction on the tree (starting at the root). For v = root(T ), we
have the inequality

Qc(root(T )) = Q(root(T )) ≥ max
f∈E(root(T ))

V (f),

since Q is admissible. Now let v ̸= root(T ) be a node and assume that admissibility holds for
the parent v− of v, i.e. Qc(v

−) ≥ max
f∈E(v−)

V (f). This implies that Qc(v
−) ≥ max

f∈E(v)
V (f) since

E(v) ⊆ E(v−). We also have Q(v) ≥ max
f∈E(v)

V (f) since Q is admissible. Together, this yields

Qc(v) = min{Qc(v
−), Q(v)} ≥ max

f∈E(v)
V (f),

which is what we need to show that Qc is admissible.
For consistency, first note that Qc(v) = min{Qc(v

−), Q(v)} ≤ Qc(v
−) if v ̸= root(T ). Also, we

have Qc(f) = min{Qc(f
−), Q(f)} ≤ Q(f) = V (f). On the other hand, Qc(f) ≥ V (f) since Qc is

admissible. Hence, we conclude that Qc(f) = V (f). Hence, Qc is consistent.
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5.2 Multi-Agent A∗

We now explain multi-agent A∗ (MAA∗) [Szer et al., 2005], an exact A∗ algorithm for finding
an optimal policy for Dec-POMDPs over a finite horizon h. In short, MAA∗ searches through
the space of policies by incrementally fixing the actions that agents take in the individual stages.
Hence, expanding a node in the MAA∗ search tree amounts to choosing actions for all agents and
for all LOHs in a particular stage. In the context of Dec-POMDP solving, a fully specified solution
is a joint policy π = ⟨π1, . . . , πn⟩, where πi : O≤h−1

i → Ai is a local policy for agent i. To define
the search tree used by MAA∗, we need to define partially specified policies.

Partial policies. A local partial policy for agent i is a partial function φi : O≤h−1
i → Ai. We

write φi(τi) = ⊥ if φi is not defined on τi ∈ O≤h−1
i . A partial policy is a tuple of local partial

policies φ = ⟨φ1, . . . , φn⟩.5 In MAA∗, we only consider partial policies for which there exists
a t such that each local partial policy is defined on precisely the LOHs consisting of at most t
observations, i.e. φi(τi) = ⊥ if and only if τi ̸∈ O≤t

i . In this case, we say that the stage σ(φ) of a
partial policy φ is t + 1. A partial policy φ′ extends a partial policy φ, denoted by φ <E φ′, if
φ′ agrees with φ on all LOHs for which φ specifies the action. Formally,

φ <E φ′ ⇐⇒ ∀i ∈ D.∀τi ∈ O≤h−1
i .φi(τi) ∈ {⊥, φ′

i(τi)}.

The extensions of a partial policy φ (as defined in Section 5.1) are the fully specified policies
extending φ, i.e. E(φ) =

{
π ∈ Π | φ <E π

}
.

The empty policy is the partial policy which is not defined at any observation history, and we
define the stage of the empty policy to be 0. The stage of fully specified policies is h.

Example 5.2. Examples of partial policies for DecTiger (Example 3.2) include the empty policy,
⟨{∅ 7→ Li}, {∅ 7→ Li}⟩ and ⟨{∅ 7→ Li, (HL) 7→ Li, (HR) 7→ OL}, {∅ 7→ Li, (HL) 7→ Li, (HR) 7→ OL}⟩.

MAA∗ search tree. We now define the MAA∗ search tree.

Definition 5.3 (MAA∗ search tree). In a MAA∗ search tree for a Dec-POMDP, the nodes are the
partial policies for which there exists a t such that each local partial policy is defined on precisely
the LOHs consisting of at most t observations, i.e. φi(τi) = ⊥ if and only if τi ̸∈ O≤t

i . The root
node is the empty policy, and the children of a partial policy φ of stage σ(φ) < h are exactly the
partial policies φ′ such that φ <E φ′ and the stage of φ′ is σ(φ) + 1. The leaves of the search
tree are the fully specified policies, which have stage σ(φ) = h.

The MAA∗ algorithm (which we also call classical MAA∗ to disambiguate it from our novel variant)
applies A∗ to the MAA∗ search tree. To do an A∗ search, we also have to specify a heuristic. To
ensure that MAA∗ finds an optimal policy, we have to use an admissible heuristic.

Let ΦM denote the set of partial policies in the MAA∗ search tree. A heuristic Q : ΦM → R is
admissible if Q(φ) ≥ max

π∈E(φ)
Vπ(b, h). We discuss specific choices for the heuristic in Section 6.

Analysing the MAA∗ search tree. The height of the MAA∗ search tree is h+1. The nodes at
depth t in the tree are precisely the partial policies φ such that σ(φ) = t. To analyse the outdegree
of the search tree, assume for simplicity that all local action and observation sets are equally large,
and let |A∗| and |O∗| denote their sizes, respectively. MAA∗ constructs a stage-(t + 1) policy in
one step from a stage-t policy, specifying actions for all n|O∗|t length-t LOHs for all n agents. As

a result, the outdegree of a node at depth t is |A∗|n|O∗|t , which is double exponential in t. Since
MAA∗ expands at least one node at depth h − 1, it follows that the running time of MAA∗ is

at least Ω
(
|A∗|n|O∗|h−1)

. The total number of joint policies is upper bounded by O
(
|A∗|n|O∗|h

)
if |O∗| ≥ 2. As Seuken and Zilberstein [2008] note, this implies that classical MAA∗ can at best
solve Dec-POMDPs of one horizon larger than a brute force search which iterates over all policies.

5In the Section 5.5, we introduce a restriction on the sets of LOHs on which these partial policies are defined.
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0

1

2 ...

(OL,OL,OL,OL)
(HL,HR,HL,HR)
Agent 1 Agent 2

(OL,OL)
LOH

LOH
Action

Action
(∅, ∅)

Agent 1 Agent 2

(OR,OR,OR,OR)
(HL,HR,HL,HR)
Agent 1 Agent 2

(OR,OR)
(∅, ∅)

Agent 1 Agent 2

Figure 9: A partial MAA∗ search tree for the DecTiger problem (Example 3.2), where we expanded the
root in stage 0 but only the filled gray node in stage 1. The edges are labelled with the actions specified
for each agent. For example, the leftmost edge in stage 0 corresponds to assigning the action OL to the
empty LOH ∅ for both agent 1 and 2.

Example. We now give an example of an MAA∗ search tree, using DecTiger (Example 3.2).

Example 5.3. Figure 9 gives a partial MAA∗ search tree for the DecTiger problem. The
outdegree of the root is |A∗|n = 32 = 9: there are three choices (OL, Li or OR) for the action
that the first agent takes in stage 0 of the Dec-POMDP (corresponding to the empty observation
history ∅) and similarly three choices for the action of the second agent.

In stage 1 of the Dec-POMDP, the agents each have one local observation (HL or HR). In
Figure 9, we expand one node (the filled gray node) in stage 1, which corresponds to the partial
policy ⟨{∅ 7→ Li}, {∅ 7→ Li}⟩. The outdegree of this node is |A∗|n|O∗| = 34 = 81. Namely, we have
to specify the action of agent 1 after observing HL, the action of agent 1 after observing HR, the
action of agent 2 after observing HL and the action of agent 2 after observing HR. For each of
these, there are three choices.
The bottom left node in Figure 9 corresponds to the partial policy

⟨{∅ 7→ Li, (HL) 7→ OL, (HR) 7→ OL}, {∅ 7→ Li, (HL) 7→ OL, (HR) 7→ OL}⟩.

If h ≥ 3, then the outdegree of this node is |A∗|n|O∗|2 = 38 = 6561. Namely, we have to specify
an action for both agents for each of the |O∗|2 = 4 LOHs of length 2. Similarly, if h ≥ 4, then

the outdegree of this node is |A∗|n|O∗|3 = 316 = 43 046 721. Finally, for h ≥ 5, we would have to

expand at least one node with outdegree |A∗|n|O∗|4 = 332 > 1015. Hence, we see that it is infeasible
to solve DecTiger using (classical) MAA∗ for h ≥ 5.

5.3 Generalized MAA∗

We proceed by discussing generalized MAA∗ (GMAA∗) [Oliehoek et al., 2008b]. GMAA∗ gen-
eralizes MAA∗ by pinpointing and generalizing two operators that are used implicitly in MAA∗,
namely the Select operator and the Next operator. GMAA∗ uses a policy pool P to store policies,
which is simply a set of policies. Algorithm 2 gives pseudocode for the GMAA∗ algorithm. We
now discuss the Select and Next operators, and possible choices for these operators.

The Select operator chooses which partial policy from the policy pool to expand. In MAA∗,
Select chooses a partial policy with the highest heuristic value from the policy pool (and im-
plements the policy pool as a priority queue to do this efficiently). Alternatives would be, for
example, depth-first search (expanding a deepest node in the search tree) or breadth-first search
(expanding a shallowest node in the search tree). However, to the best knowledge of the author,
in practice all MAA∗-variants use the same Select operator as MAA∗.
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Algorithm 2 GMAA∗

Input: Dec-POMDP ⟨D,S,A,O, T,O,R⟩, initial belief b, horizon h
Output: A joint policy π∗ for the Dec-POMDP for initial belief b and horizon h and its value v∗

P ← {empty policy} ▷ policy pool, initialized with empty policy
v∗ ← −∞, π∗ ← None ▷ keep track of (value of) best policy found
while P ̸= ∅ do
φ← Select(P )
ΦNext ← Next(φ)
if ΦNext ∩Π ̸= ∅ then ▷ If ΦNext contains fully specified policies,
π′ ← argmaxΦNext∩Π Vπ′(b, h) ▷ find the best fully specified policy in ΦNext

if Vπ′(b, h) > v∗ then ▷ new best policy found
v∗ ← Vπ′(b, h), π∗ ← π′

P ← {φ′ ∈ P | Q(φ′) > v∗} ▷ prune policy pool

P ← (P \ {φ}) ∪ (ΦNext \Π) ▷ add partial policies to the pool, and remove φ

return π∗, v∗

The Next operator specifies which partial policies are added to the policy pool after expanding
a partial policy φ. In MAA∗, when expanding a partial policy such that σ(φ) = t, Next(φ) is

the set of all |A∗|n|O∗|t children of the policy. Different operators for Next have been considered,
giving up optimality. Emery-Montemerlo et al. [2004] propose forward-sweep policy computation,
for which Next(φ) only contains a child with the highest heuristic value. Oliehoek et al. [2008b]

propose k-GMAA∗, for which Next(φ) contains k children with the highest heuristic values.

5.4 GMAA∗-ICE

We now introduce the state-of-the-art exact solver for Dec-POMDPs, GMAA∗ with incremental
clustering and expansion (GMAA∗-ICE) [Spaan et al., 2011; Oliehoek et al., 2013]. GMAA∗-ICE
builds on GMAA∗-IC, which applies lossless clustering [Oliehoek et al., 2009] (see Section 4.3) to
MAA∗. GMAA∗-IC can be seen as an instance of GMAA∗, where the Next(φ) is the set of all
(flat) partial policies which correspond to a cluster policy and which are a child of φ.

GMAA∗-ICE adds incremental expansion to this, which we explain now. The main idea of
incremental expansion is to add children of a node φ incrementally, i.e., one by one, in order
of heuristic value. Within the A∗ search performed by GMAA∗-ICE, this is done by storing
placeholder nodes in the policy pool. The value of a placeholder node is equal to the heuristic
value of its last child that was added to the pool. Each time the placeholder node is selected
for expansion, a node with the next highest heuristic value is added to the policy pool and the
heuristic value of the placeholder is updated accordingly.

It remains to explain how the children of a node φ can be generated incrementally in order of
heuristic value. This is done using a collaborative Bayesian game (CBG), which we define in the
context of Dec-POMDP solving.

Definition 5.4 (Collaborative Bayesian game). A collaborative Bayesian game (CBG) corre-
sponding to a Dec-POMDP ⟨D,S,A,O, T,O,R⟩, an initial belief b, a horizon h, and a partial
policy φ with σ(φ) = t, is a tuple ⟨D,A,Θ,Pr, Q⟩, where

• Θ =×i∈D Θi is a set of joint types θ = ⟨θ1, . . . , θn⟩ specifying a type for each agent, where
each Θi = Ci,t is a set of local types θi corresponding to the clusters of agent i in stage t,

• Pr ∈ ∆(Θ) is a probability distribution over joint types, where Pr(θ) is the probability of the
joint cluster corresponding to θ, conditioned on the initial belief b and the policy φ up to
stage t− 1,

• Q : Θ×A→ R is a heuristic function, which provides a heuristic for the value of executing
joint action a ∈ A for a joint type θ ∈ Θ over horizon h− t.

The CBG models the choice of actions taken in stage t of the Dec-POMDP.
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The CBG can now be solved using the Bayesian game branch and bound (BaGaBaB) algo-
rithm [Oliehoek et al., 2010]. The BaGaBaB algorithm itself also uses A∗ search. Hence, when
used inside GMAA∗-ICE, BaGaBaB uses a second, nested A∗ search. In each step of the A∗ search
corresponding BaGaBaB, a joint action for one joint type θ ∈ Θ is chosen, in such a way that
the chosen action is consistent with other joint actions chosen already. This means that if θi = θ̃i,
then agent i needs to take the same local action for the joint types θ and θ̃. The outdegree of
nodes in the search tree used by BaGaBaB is therefore |A| if all local types in θ have not been
seen before, but smaller otherwise.

When using A∗ with an admissible heuristic, it is guaranteed that the first ℓ fully specified
solutions found are indeed ℓ solutions with the highest heuristic value. Hence, the BaGaBaB
algorithm can indeed be used to generate the children of a node φ incrementally in order of
heuristic value, as required by GMAA∗-ICE.

5.5 Small-Step MAA∗

We now turn to small-step multi-agent A∗, our variant of MAA∗ that uses a novel search tree
with a constant outdegree rather than a double exponential outdegree. This is achieved by only
fixing one additional action of the policy each time. We introduce small-step MAA∗ explicitly
using clusters and cluster policies, as introduced in Section 4.1.

Expansion order. Small-step MAA∗ explores clusters in a fixed order: first by stage, then by
agent, and then according to a given order on the clusters. We formalize this as follows.

Definition 5.5 (Expansion order). Let a total order ⪯i,t on Ci,t for i ∈ D and 0 ≤ t ≤ h − 1
be given. We define an order ⪯, called the expansion order, on the set of all clusters

⋃
i∈D Ci by

cti ⪯ c̃t
′

j if and only if

• t < t′, or

• t = t′ and i < j, or

• t = t′ and i = j and cti ⪯i,t c̃
t′

j .

Partial cluster policies. We now define partial cluster policies, which we from now on simply
call partial policies. A local partial policy is a partial function φi : Ci→ Ai. We write φi(ci) = ⊥
if φi(ci) is not defined at ci. A partial policy is a tuple φ = ⟨φ1, . . . , φn⟩ such that the local partial
policies φi are defined on precisely agent i’s clusters among the first d clusters in the expansion
order for some d. In contrast to MAA∗, it is therefore possible that a local partial policy is defined
on some, but not all clusters of a given length.

The stage σ(φ) of φ is u if φ is defined on all clusters of length u− 1, but not on all clusters
of length u. A partial policy φ′ extends a partial policy φ, written φ <E φ′, if φ′ agrees with φ
on all clusters on which φ is defined, formally:

φ <E φ′ ⇐⇒ ∀i ∈ D.∀ci ∈ Ci.φi(ci) ∈ {⊥, φ′
i(ci)}.

Small-step search tree. Using the partial cluster policies, we define the small-step search tree:

Definition 5.6 (Small-step search tree). The small-step search tree for a Dec-POMDP is a tree
whose nodes are the partial policies, the root node is the empty policy, and the children of a partial
policy φ are exactly the partial policies φ′ such that (1) φ <E φ′ and (2) φ′ is defined on one
additional LOH compared to φ.

Small-step MAA∗ applies A∗ to the small-step search tree. Let Φ denote the set of partial policies.
A heuristic Q : Φ→ R is admissible if Q(φ) ≥ max

π∈E(φ)
Vπ(b, h).
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Stage Agent LOH

2

0 1 ∅

∅
OROL Li

OROL Li

1 1 HL

HR

OROL Li

OROL Li

OROL Li

OROL Li

2 HL

HR

2 1 HL,HL

Figure 10: A partial tree of the DecTiger problem at stage 1, where we expanded all nodes in stage 0
but only a subset of the nodes in stage 1 after expanding the gray node (filled).

Example. To give an example and to compare small-step MAA∗ to classical MAA∗ as explained
in Section 5.2, we apply small-step MAA∗ to the trivial clustering C, i.e. the clustering that assigns
every LOH to its own cluster. Hence, we can identify Ci,t with |Oi|t. To fix an expansion order,
we need to define an order on Ci,t. We do this by ordering the LOHs of agent i and stage t
lexicographically according to a given order on the observations. We now apply small-step MAA∗

with the trivial clustering to DecTiger (Example 3.2).

Example 5.4. Figure 10 gives a partial small-step search tree for the DecTiger problem, where
we use the order HR < HL on the observations. The outdegree of each node is |A∗| = 3, corre-
sponding to the choice of an action by specific agent for a specific LOH. The filled gray node in
stage 1 corresponds to the partial policy ⟨{∅ 7→ Li}, {∅ 7→ Li}⟩. Expanding this node corresponds
to specifying an action for the LOH (HL) of agent 1.

In this tree, we can extract the policy of a node by backtracking. For example, the policy in the
bottom-left node is ⟨{∅ 7→ Li,HL 7→ Li,HR 7→ Li}, {∅ 7→ Li,HL 7→ Li,HR 7→ OL}⟩.

Comparison to classical MAA∗. Classical MAA∗, as introduced in Section 5.2, constructs
a stage-(t + 1) policy in one step from a stage-t policy, specifying actions for all length-t LOHs

for all n agents. As a result, each stage-t policy has O
(
|A∗|n|O∗|t

)
children in the A∗ search tree,

where |A∗| and |O∗| denote the sizes of the largest local action and observation sets, respectively.
In small-step MAA∗, this is split up in n|O∗|t levels, where each node has up to |A∗| children and
just adds an action for one agent for one particular LOH.

Example 5.5. In the tree from Figure 10, small-step MAA∗ reaches only 18 nodes below the gray
node (12 nodes in stage 1 and 6 nodes in stage 2) by expanding only 6 nodes below the gray node
in stage 1. By contrast, MAA∗ reaches 81 nodes at stage 2 after expanding the gray node.

Compared to MAA∗, our search tree limits the outdegree of the nodes from double exponential
(w.r.t. the stage t) to constant (w.r.t. the stage t), at the cost of increasing the tree height from
linear to exponential. In the best case, the heuristic is such that every node that does not have
an optimal descendant, has a heuristic value that is smaller than the optimal value. In that
case, small-step A∗ can find an optimal solution in time which is exponential in the horizon (or
polynomial in the number of LOHs/clusters).

On the other hand, suppose that we use classical MAA∗ and small-step MAA∗ with the same
consistent heuristic Q (which also satisfies Q(π) = V (π) for fully specified policies π). Then
Lemma 5.6 implies that any partial policy φ with Q(φ) > V (π∗) which is in the MAA∗ tree,
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is expanded by both MAA∗ and small-step MAA∗. In particular, small-step MAA∗ expands
at least as many policies as classical MAA∗, but small-step MAA∗ may avoid reaching (doubly
exponentially) many nodes with a heuristic value smaller than the optimal value.

Comparison to GMAA∗-ICE. We now compare small-step MAA∗ to GMAA∗-ICE. Both
small-step MAA∗ to GMAA∗-ICE use clustering, which reduces the number of clusters from n|O∗|t
to
∑

i∈D |Ci,t|. However, for most problems the number of clusters |Ci,t| still grows exponentially
in t. Hence, the outdegree of a MAA∗-like search tree for cluster policies, which is |A∗|

P
i∈D |Ci,t|,

is in general still double exponential in t. Both small-step MAA∗ and GMAA∗-ICE aim to avoid
this double exponential blowup, but do this in a different way.

As a first approximation, one can argue that small-step MAA∗ flattens the nested A∗ searches
that BaGaBaB does inside GMAA∗-ICE into a single A∗ search. However, there are also impor-
tant differences. Firstly, the A∗ search that BaGaBaB does assigns actions for each agent for a
single joint type/cluster. In contrast, small-step MAA∗ assigns actions for the different agents
successively. This also implies that the search tree used by BaGaBaB has an outdegree up to
|A|, while the small-step search tree always has an outdegree of |Ai| for some i ∈ D. Secondly,
BaGaBaB already generates a child for which all actions for an additional stage are assigned the
first time a node is expanded, while small-step MAA∗ just assigns one action in that stage.

5.6 Last Stage Optimization

In the last stage of a Dec-POMDP, choosing an optimal action is a bit easier, since agents only
have to reason about the immediate reward they receive, rather than also reasoning about the
effect of the actions on the next state of the system. Nevertheless, agents still have to take into
account that each local action has an effect on multiple joint clusters.

To simplify notation, write h′ = h − 1. We write δi : Ci,h′ → Ai for the cluster policy that
agent i uses in the last stage. Such a policy for a specific stage is called a decision rule [Oliehoek
et al., 2008b]. The maximization problem corresponding to the last stage can then be written as

max
δi : Ci,h′→Ai

1≤i≤n

∑
ch

′
1 ∈C1,h−1

. . .
∑

ch′
n ∈Cn,h′

[ ∑
sh′∈S

Pr(ch
′
, sh

′
)R(sh

′
, δ(ch

′
))

]
,

where δ(ch
′
) = ⟨δ1(ch

′

1 ), . . . , δn(c
h′

n )⟩. We now explain how we can solve this maximization problem
more efficiently than searching over all δi using small-step MAA∗.

5.6.1 Last Stage of the Last Agent

When using small-step MAA∗, we assign actions for the first n − 1 agents before assigning any
actions for the last agent. Hence, at some point a partial policy φ has specified all actions for the
first n−1 agents, but no actions for the last agent. Let δi : Ci,h′ → Ai be the decision rules that φ
specifies for 1 ≤ i ≤ n− 1. Hence, it remains to maximize over the decision rule δn : Cn,h′ → An.

We now show that for the last agent, we can maximize over the points δn(c
h′

n ) independently. For
this, we rewrite the maximization problem as follows:

max
δn : Cn,h′→An

∑
ch

′
1 ∈C1,h′

. . .
∑

ch
′

n−1∈Cn−1,h′

∑
ch′
n ∈Cn,h′

[ ∑
sh′∈S

Pr(ch
′
, sh

′
)R(sh

′
, δ(ch

′
))

]

= max
δn : Cn,h′→An

∑
ch′
n ∈Cn,h′

[ ∑
ch

′
1 ∈C1,h′

. . .
∑

ch
′

n−1∈Cn−1,h′

[ ∑
sh′∈S

Pr(ch
′
, sh

′
)R(sh

′
, δ(ch

′
))

]]

=
∑

ch′
n ∈Cn,h′

max
δn(ch

′
n )∈An

[ ∑
ch

′
1 ∈C1,h′

. . .
∑

ch
′

n−1∈Cn−1,h′

[ ∑
sh′∈S

Pr(ch
′
, sh

′
)R(sh

′
, δ(ch

′
))

]]
.
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In the first step, we only interchange the order of the summations. In the second step, we then note
that the objective is a sum of terms, each of which only depends on a single action δn(c

h′

n ) ∈ An

of agent n. Hence, we can maximize over each δn(c
h′

n ) independently inside the outer summation.
This optimization is by default turned on in our algorithm.

5.6.2 Last Stage of Other Agents

For the other agents, we cannot decouple the objective as in Section 5.6.1. However, in some
cases, it is still possible to show that a particular action cannot be optimal, by showing that it
is suboptimal whatever the other agents do. This is in particular useful for clusters that have a
small probability, since in this case the difference in overall heuristic value for the optimal action
and a clearly suboptimal action can still be very small. To show that an action is suboptimal, we
define the regret of choosing ãj ∈ Aj rather than action aj ∈ Aj .

Definition 5.7 (Regret). Consider an agent j ∈ D and assume that actions for the first j − 1
agents have been specified. Write ch

′

<j and ch
′

>j for the tuples ⟨ch′

1 , . . . , ch
′

j−1⟩ and ⟨ch
′

j+1, . . . , c
h′

n ⟩,
respectively, and a>j for a tuple ⟨aj+1, . . . , an⟩ of actions of the last n − j agents. The regret of

choosing action ãj ∈ Aj rather than action aj ∈ Aj on the cluster ch
′

j ∈ Cj,h′ is then given by

regret(ch
′

j , aj , ãj)

=
∑
ch′
>j

max
a>j

[∑
ch′
<j

∑
sh′∈S

Pr(ch
′
, sh

′
)
[
R
(
sh

′
, δ(ch

′

<j , aj ,a>j)
)
−R

(
sh

′
, δ(ch

′

<j , ãj ,a>j)
)]]

,

where δ(ch
′

<j , aj ,a>j) = ⟨δ1(ch
′

1 ), . . . , δj−1(c
h′

j−1), aj , aj+1, . . . , an⟩.

The regret is (an upper bound for) the largest difference in reward that can occur when switching
from action ãj ∈ Aj to action aj ∈ Aj . Namely, we consider all actions of the last n − j agents,

and take those actions that yield the largest difference. If regret(ch
′

j , aj , ãj) < 0, then the action
ãj strictly dominates the action aj ∈ Aj , i.e., ãj always gives a better reward. In that case, we

do not have to consider taking the action aj . If regret(ch
′

j , aj , ãj) = 0, then the action ãj weakly
dominates the action aj ∈ Aj , which means that we do not need to consider aj provided that we

do consider at least one action âj such that regret(ch
′

j , aj , âj) ≥ 0.
In practice, the computations required for computing the regret can be relatively expensive

and if the best action to take strongly depends on the actions of other agents, then typically no
actions are dominated. Hence, computing the regrets is switched off by default in our algorithms.
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6 Heuristics

Having set up the general framework of A∗ search for Dec-POMDPs in Section 5, we now turn to
the (admissible) heuristics used to guide the search. In Section 6.1, we summarize three heuristics
from the literature. In Section 6.2, we explain how these heuristics can be used in the small-step
search tree. Section 6.3 provides a general framework for defining admissible heuristics. Finally,
in Section 6.4 we show that the BG heuristic is admissible.

6.1 Precomputed Heuristics for MAA∗

We start by defining three admissible heuristics Q : ΦM → R from the literature that can be used
for classical MAA∗. These heuristics have in common that they require a precomputation to be
used. We defer the proofs that these heuristics are admissible to Section 6.3, to illustrate our
general framework for admissible heuristics.

6.1.1 MDP Heuristic

We first consider the MDP heuristic QMDP [Emery-Montemerlo et al., 2004]. This heuristic was
first proposed in the context of POMDPs [Littman et al., 1995]. Intuitively, QMDP(φ) represents
the value that can be achieved by an extension of φ if the agents could observe the full state for
the remaining stages on which φ is not defined yet. Equivalently, we can say that the agents can
observe the full state in all stages, since the policy in the first stages is already fixed and can hence
not retroactively make use of the state information.

To compute the MDP heuristic, we precompute the optimal value VMDP(s, t) of the underlying
MDP for each initial state s ∈ S and each horizon 1 ≤ t ≤ h, as explained in Section 2.1. Consider
a partial policy φ of stage σ(φ) = t. In classical MAA∗, this means that φ is defined on all LOHs
of length at most t−1, but not on any LOH of length t or larger. Since this specifies the policy up
to stage t, we can compute the realized reward Vφ(b, t) up to stage t and probabilities Pr(τ , st)
for τ ∈ Ot as explained in Section 3.2. Then we define QMDP(φ) as

QMDP(φ) = Vφ(b
0, t) +

∑
τ∈Ot

∑
st∈S

Pr(τ , st)VMDP(s
t, h−t),

where b0 ∈ ∆(S) is the initial belief. In Corollary 6.1, we show that QMDP is admissible. To use the
MDP heuristic, we need to precompute VMDP(s, t), which can be done in time O(|A||S|2h). Using
the MDP heuristic then takes time O(|S|) per observation history per heuristic computation.

6.1.2 POMDP Heuristic

Next, we consider the POMDP heuristic QPOMDP [Szer et al., 2005; Roth et al., 2005]. Intuitively,
QPOMDP(φ) represents the value that can be achieved by an extension of φ if the agents could
observe the joint observations, rather than just their own local observations.

To compute the POMDP heuristic, we precompute the value function VPOMDP(b, t) of the belief
MDP corresponding to the underlying POMDP, as explained in Section 2.3.1. Consider a partial
policy φ of stage σ(φ) = t. We define QPOMDP(φ) similarly to the MDP heuristic:

QPOMDP(φ) = Vφ(b
0, t) +

∑
τ∈Ot

Pr(τ )VPOMDP(bτ , h−t),

where bτ ∈ ∆(S) is the state belief corresponding to the joint observation history τ , i.e. the belief
bτ (s

t) = Pr(st | τ ). In Corollary 6.2, we show that QPOMDP is admissible. Let Bt denote the
set of reachable beliefs (from the given initial belief) up to horizon t. As shown in Section 2.3.1,
the precomputation of VPOMDP(b, t) takes time O

(
|Bh−1|(|S|2 + |A||S|) + |Bh−2||A||O|

)
. Using

the POMDP heuristic then takes time O(1) per observation history per heuristic computation,
excluding the time for computing the beliefs. Here |Bh−1| ∈ O((|A||O|)h−1) is the dominating
factor in this time complexity.

51



6.1.3 BG Heuristic

Next, we turn to the Bayesian Game (BG) heuristic QBG [Oliehoek and Vlassis, 2007; Oliehoek
et al., 2008b]. Intuitively, QBG(φ) represents the value that can be achieved by an extension of φ
if the agents receive the joint observations with a delay of one time step, in addition to their own
local observation. Hence, in stage t, an agent can use the joint observations up to stage t− 1 and
their own local observation corresponding to stage t. A possible way to compute this heuristic is
to use Bayesian games, which explains the name of the heuristic.

Like the POMDP heuristic, the BG heuristic can be computed using the belief MDP. However,
the required precomputations are more extensive. Specifically, we precompute Q′

BG(b, t,a) for all
1 ≤ t ≤ h, all beliefs b that are reachable from the given initial belief in exactly h− t steps, and all
joint actions a ∈ A. As in Section 2.3.1, let ba,o denote the posterior belief when the prior belief
is b, action a is taken, and observation o is received. Then we define Q′

BG(b, 1,a) = R(b,a) and

Q′
BG(b, t+ 1,a) = R(b,a) + max

δi : Oi→Ai
1≤i≤n

∑
o1∈O1

. . .
∑

on∈On

[Pr(o | b,a)Q′
BG(ba,o, t,a

′)] , (6.1)

where a′ = ⟨δ1(o1), . . . , δn(on)⟩. By maximizing over functions δi : Oi → Ai, we model that the
action that each agent chooses can only depend on their own local observation, rather than the
full joint observation.

Using the Q′
BG-values, we can compute VBG(b, t) = max

a∈A
Q′

BG(b, t,a). To use the BG heuristic

to compute a heuristic value QBG(φ) for a partial policy φ with stage σ(φ) = t, we then define

QBG(φ) = Vφ(b
0, t) +

∑
τ∈Ot

Pr(τ )VBG(bτ , h−t). (6.2)

In Corollary 6.3, we show that QBG is admissible.
We now discuss the cost of precomputing Q′

BG. The cost for computing all reachable beliefs
and the corresponding rewards R(b,a) is O

(
|Bh−1|(|S|2 + |A||S|)

)
, as for the POMDP heuristic.

We use Equation (6.1) in total O(|Bh−2||A|) times. When solving the maximization problem in
Equation (6.1) using brute force, the number of possibilities for the δi is O

(∏
i∈D |Ai||Oi|

)
, or

O
(
|A∗|n|O∗|

)
where |A∗| and |O∗| are the sizes of the (largest) local action and observation sets.

For given δi, calculating the corresponding value can be done in time O(|O|). Hence, the total
time complexity in this case is O

(
|Bh−1|(|S|2 + |A||S|) + |Bh−2||A||O||A∗|n|O∗|

)
.

In practice, Bayesian game solvers are used to solve the maximization problem in Equa-
tion (6.1), which however have the same worst-case time complexity. Compared to the POMDP
heuristic, we therefore have an extra factor |A∗|n|O∗| in the second term. For problems with a
larger number of actions and observations, this quickly becomes infeasible.

Faster precomputation. We now discuss a novel way to precompute the Q′
BG values. The idea

is similar to the idea used in the last stage optimization for the last agent (Section 5.6.1). Namely,
we again show that we can maximize over the points δn(on) of the last agent independently. For
this, we rewrite the maximization problem in Equation (6.1) as

Q′
BG(b, t+ 1,a) = R(b,a) + max

δi : Oi→Ai
1≤i≤n

∑
on∈On

∑
o1∈O1

. . .
∑

on−1∈On

[Pr(o | b,a)Q′
BG(ba,o, t,a

′)] ,

= R(b,a) + max
δi : Oi→Ai
1≤i≤n−1

∑
on∈On

max
a′
n∈An

∑
o1∈O1

. . .
∑

on−1∈On

[Pr(o | b,a)Q′
BG(ba,o, t,a

′)] ,

where now a′ = ⟨δ1(o1), . . . , δn−1(on−1), a
′
n⟩. We now only have to brute force over the policies of

n − 1 agents, while maximizing over the actions of the last agent only contributes a factor |A∗|
to the time complexity. This reduces the time complexity per Q′

BG to O
(
|A∗|(n−1)|O∗|+1|O|

)
,

yielding a total time complexity of O
(
|Bh−1|(|S|2 + |A||S|) + |Bh−2||A||O||A∗|(n−1)|O∗|+1

)
.

Moreover, we can speed up the computation in practice for some beliefs b by noting that not
all (local) observations are possible when taking action a in a state s in the support of b. This
can substantially limit the number of size of the domain of the policies we brute force over.
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6.2 Precomputed Heuristics for Small-step MAA∗

We proceed by discussing how to extend the precomputed heuristics QMDP, QPOMDP and QBG to all
policies in the small-step search tree. To do this, we have to be able to reflect in the heuristic value
that a partial policy φ assigns actions for some, but not all agents for some observation history.

We introduce the notion of a partial (joint) action, which is a tuple of actions ⟨a1, . . . , ai⟩
of the first i agents for some 0 ≤ i ≤ n, where i = 0 corresponds to the empty tuple. Let

AΦ =
⋃n

i=0×i

j=0
Aj be the set of partial actions. If |Aj | ≥ 2 for all j ∈ D, then |AΦ| ∈ O(|A|)

since

|AΦ| =
n∑

i=0

i∏
j=0

|Aj | = |A|
n∑

i=0

n∏
j=i+1

|Aj |−1 ≤ |A|
n∑

i=0

n∏
j=i+1

1

2
= |A|

n∑
i=0

1

2n−i
< 2|A|.

We now explain how to define partial actions based on a partial policy. Consider a partial
policy φ with σ(φ) = t, and let τ ∈ Ot be an observation history. Let aφ,τ = ⟨φ1(τ1), . . . , φi(τi)⟩,
where i is the last agent for which φ specifies an action for τ , i.e. such that φj(τj) ̸= ⊥ for 1 ≤ j ≤ i
and φj(τj) = ⊥ for i+ 1 ≤ j ≤ n. These partial actions are the partial actions to which we apply
our precomputed heuristics. Next, we extend the precomputation to partial policies. In each case,
it can be shown that the time complexity of the precomputation remains the same as for MAA∗

(up to lower order terms), although more values need to be stored.

MDP heuristic. We precompute a heuristic Q′
MDP(s, t,a) for each initial state s ∈ S, each

horizon 1 ≤ t ≤ h and each partial action a ∈ AΦ, using a small modification of value iteration.
First, we let Q′

MDP(s, 1,a) = R(s,a) for a ∈ A. For partial actions ⟨a1, . . . , ai⟩ ∈ AΦ \A, we then
recursively define Q′

MDP(s, t, ⟨a1, . . . , ai⟩) = max
ai+1∈Ai+1

Q′
MDP(s, t, ⟨a1, . . . , ai+1⟩). Finally, we have

Q′
MDP(s, t+ 1,a) = R(s,a) +

∑
s′∈S

T (s′ | s,a)Q′
MDP(s

′, t, ⟨⟩),

where ⟨⟩ is the empty tuple, which by definition (implicitly) picks out the optimal action for Q′
MDP.

For a partial policy φ with σ(φ) = t, we define QMDP(φ) as

QMDP(φ) = Vφ(b
0, t) +

∑
τ∈Ot

∑
st∈S

Pr(τ , st)Q′
MDP(s

t, h− t,aφ,τ ).

POMDP heuristic. For the POMDP heuristic, we precompute Q′
POMDP(b, t,a) for 1 ≤ t ≤ h,

all beliefs b that are reachable from the given initial belief in exactly h − t steps, and all partial
actions a ∈ AΦ. Similarly to the MDP heuristic, we let Q′

POMDP(b, 1,a) = R(b,a) for a ∈ A and
recursively define Q′

POMDP(b, t, ⟨a1, . . . , ai⟩) = max
ai+1∈Ai+1

Q′
POMDP(b, t, ⟨a1, . . . , ai+1⟩). For a ∈ A,

the value iteration equation becomes

Q′
POMDP(b, t+ 1,a) = R(b,a) +

∑
o∈O

[Pr(o | b,a)Q′
POMDP(ba,o, t, ⟨⟩)] .

Finally, for a partial policy φ with σ(φ) = t, we define QPOMDP(φ) as

QPOMDP(φ) = Vφ(b
0, t) +

∑
τ∈Ot

Pr(τ )Q′
POMDP(bτ , h− t,aφ,τ ).

BG heuristic. For the BG heuristic, the required modifications are even smaller. We keep the
computation for the heuristic values Q′

BG(b, t,a) (with a ∈ A) as introduced in Section 6.1.3,
but extend this to partial actions using Q′

BG(s, t, ⟨a1, . . . , ai⟩) = max
ai+1∈Ai+1

Q′
BG(s, t, ⟨a1, . . . , ai+1⟩).

Heuristics for a partial policy φ with σ(φ) = t are defined as for the POMDP heuristic:

QBG(φ) = Vφ(b
0, t) +

∑
τ∈Ot

Pr(τ )Q′
BG(bτ , h− t,aφ,τ ).
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6.3 General Framework for Admissible Heuristics

In this section, we present a general framework that can be used to define admissible heuristics.
Besides defining heuristics and giving a short proof that they are admissible, this framework can
also be used to short proofs for inequalities between different heuristics.

6.3.1 Generalized Policies

To be able to define the heuristics, we first introduce a more general type of policy. Intuitively,
these generalized policies allow the agents to use additional information to decide which actions
to take. Formally, a generalized local policy πi :

⋃h−1
v=0(O

v × Sv+1)→ Ai maps histories of states
and joint observations to a local action.6 Note that there is one more state than observation, since
in stage v the system has gone through v + 1 states (s0 up to sv), but the agents have received
only v observations (o1 up to ov).

A generalized (joint) policy is a tuple ⟨π1, . . . , πn⟩ of generalized local policies. Let Πgen denote
the set of all generalized policies. A generalized policy π extends a partial policy φ, denoted by
φ <E π, if πi agrees with φi and ignores the state information on all OHs corresponding to an
LOH for which φi specifies the action. Formally,

φ <E π ⇐⇒ ∀i ∈ D.∀(τ , s) ∈
⋃h−1

v=0(O
v × Sv+1). φi(τi) ∈ {⊥, πi(τ , s)}.

If φi(τi) ̸= ⊥, then this forces that πi(τ , s) = φi(τi) for all s and all joint OHs whose LOH for
agent i is τi. This means that agent i does not use any information that is not actually available
in a Dec-POMDP setting to decide which action to take on this specific LOH τi. On the other
hand, if φi(τi) = ⊥, then this puts no constraints on the πi(τ , s). Finally, let

Egen(φ) =
{
π ∈ Πgen | φ <E π

}
be the set of generalized extensions of a partial policy φ agreeing with φ.

6.3.2 Framework

To explain our general framework for admissible heuristics, we first write the Dec-POMDP opti-
mization problem as an optimization problem over generalized policies, as follows:

max
π∈Πgen

Vπ (b, h)

subject to πi (τ , s) = πi (τ̃ , s̃) for all (i, τ , τ̃ , s, s̃) ∈ I, with

I =

h−1⋃
v=0

{
(i, τ , τ̃ , s, s̃) | i ∈ D, τ , τ̃ ∈ Ov, s, s̃ ∈ Sv+1, τi = τ̃i

}
.

(6.3)

Using I, we quantify over all agents and pairs of traces. The condition τi = τ̃i in the definition
of I selects the pairs (τ , s) that agent i cannot distinguish, since they induce the same LOH for
agent i. On these pairs, the agent therefore has to take the same action. Using this framework,
we can also express the requirement for an admissible heuristic Q:

Q(φ) ≥ max
π∈Egen(φ)

Vπ (b, h)

subject to πi (τ , s) = πi (τ̃ , s̃) for all (i, τ , τ̃ , s, s̃) ∈ I.
(6.4)

Hence, instead of maximizing over Πgen in Equation (6.3), we maximize over Egen(φ).
We can now define a general class of admissible heuristics by relaxing some of these constraints,

i.e. by considering a subset I ′ ⊆ I of the constraints in Equation (6.4). Denote the corresponding
heuristic by QI′(φ). Formally, we define:

6Including (past) observations states seems unnecessary for policies that have access to the current state,
however, we will add constraints that the policy cannot depend on the most recent state.
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Definition 6.1. Let I ′ ⊆ I be given. We define the heuristic QI′ : Φ→ R by

QI′(φ) = max
π∈Egen(φ)

Vπ (b, h)

subject to πi (τ , s) = πi (τ̃ , s̃) for all (i, τ , τ̃ , s, s̃) ∈ I ′.

Next, we show that QI′ is admissible and consistent.

Theorem 6.1 (Admissibility). QI′ is admissible for all I ′ ⊆ I.

Proof. To show admissibility, it suffices to check Equation (6.4). Compared to the right hand
side in Equation (6.4), QI′ has fewer constraints since I ′ ⊆ I. Since relaxing constraints in a
maximization problem can only increase the optimal value, the result follows.

Theorem 6.2 (Consistency). QI′ is consistent for all I ′ ⊆ I.

Proof. We first show that QI′(φ−) ≥ QI′(φ) for all partial policies φ which are not the empty
policy, where φ− denotes the parent of φ. When comparing the definitions of QI′(φ−) and
QI′(φ), the only difference is that we maximize over Egen(φ

−) rather than Egen(φ). Since we
have Egen(φ) ⊆ Egen(φ

−) and maximizing over a larger domain can only increase the optimal
value, the inequality QI′(φ−) ≥ QI′(φ) follows.

To show that QI′(π) = Vπ(b, h), we note that Egen(π) = {π}. Since π is a Dec-POMDP
policy, it satisfies the Dec-POMDP constraints which correspond to the set I. Since I ′ ⊆ I, it
follows that π in particular satisfies all constraints imposed by QI′ . Hence, it follows that π is
feasible for the maximization problem defining QI′ , and hence also maximal (since it is the only
candidate solution). This yields that QI′(π) = Vπ(b, h). We conclude that QI′ is consistent.

We note that Theorem 6.2 and Lemma 5.5 also imply Theorem 6.1.
We now explain how to define the set I ′ for the heuristic QI′ using an information function F

with domain D ×
⋃h−1

v=0(O
v × Sv+1). Namely, we let

I ′F =

h−1⋃
v=0

{
(i, τ , τ̃ , s, s̃) | i ∈ D, τ , τ̃ ∈ Ov, s, s̃ ∈ Sv+1, F(i, τ , s) = F(i, τ̃ , s̃)

}
.

F(i, τ , s) describes which information from (τ , s) agent i can use to choose which action to take,
since the constraints in I ′F state that agent i has to take the same action on pairs (τ , s) which
cannot be distinguished using the information F(i, τ , s). If F(i, τ , s) = F(i, τ̃ , s̃) implies τi = τ̃i,
then I ′F ⊆ I, and hence QI′

F
is admissible and consistent. Finally, we write QF instead of QI′

F
.

6.3.3 Precomputed Heuristics

Next, we use this framework to show some properties of QMDP, QPOMDP and QBG.

Corollary 6.1. QMDP is admissible and consistent.

Proof. The MDP heuristic corresponds to the set I ′MDP = ∅. The agents can then use all state
information and joint observations to decide on an action, but in practice only use the most recent
state. Since I ′MDP ⊆ I, Theorem 6.1 and 6.2 imply that QMDP is admissible and consistent.

Corollary 6.2. QPOMDP is admissible and consistent.

Proof. The POMDP heuristic corresponds to the information function POMDP(i, τ , s) = τ . In
the definition of QI′

POMDP
, the constraints then mean that the agents can use all joint observations,

but still have to take the same action on pairs (τ , s) that can only be distinguished using state
information. Hence, this corresponds to the POMDP heuristic.

Since the condition τ = τ̃ implies τi = τ̃i, we indeed have I ′POMDP ⊆ I. Hence, Theorem 6.1
and 6.2 imply that QPOMDP is admissible and consistent.

55



6.4 Admissibility of the BG Heuristic

For QBG, we cannot directly use the framework introduced in Section 6.3. In fact, the QBG heuristic
is in general not consistent. Intuitively, the reason for this is that Equation (6.2) effectively allows
agents to use the joint observation of stage t in stage t if σ(φ) = t, while the Q′

BG values used if
σ(φ) = t − 1 only allow the agents to use local observation of stage t. Hence, if σ(φ−) < σ(φ),
then agents can use more information for φ than for φ−. Put differently, for φ more constraints
are relaxed than for φ−. This explains why we can have QBG(φ

−) < QBG(φ) (if σ(φ
−) < σ(φ)).

To still be able to use the framework to study the QBG heuristic, we define a heuristic QBG,t for
each t ≥ 0 which can be written using the framework, such that QBG(φ) = QBG,t(φ) for σ(φ) = t.
The QBG,t-heuristic corresponds to revealing the joint observation history in stage t and the joint
observation history of stage v − 1 in stages v > t.

Corollary 6.3. QBG is admissible.

Proof. Let τ = o[1,v] ∈ Ov be a joint observation history and let i ∈ D be an agent. Then the
QBG,t heuristic defined above corresponds to the information function

BGt(i,o
[1,v], s) =


o
[1,v]
i if v < t

o[1,v] if v = t

(o
[1,v−1]
̸=i , o

[1,v]
i ) if v > t.

Namely, BGt(i,o
[1,v], s) represents the information that agent i can use in stage v: the joint

observation history in stage t, and the joint observation history of stage v − 1 and the own local
observation in stage v in stages v > t.

Since the condition BGt(i, τ , s) = BGt(i, τ̃ , s̃) implies τi = τ̃i, we indeed have I ′BGt
⊆ I. Hence,

Theorem 6.1 implies that QBG,t is admissible for all t ≥ 0. Since QBG(φ) = QBG,t(φ) for partial
policies φ with σ(φ) = t, it follows from this that QBG is admissible.

Finally, we can also use the framework to show the inequality between the heuristics QMDP,
QPOMDP and QBG (which was first shown by Oliehoek and Vlassis [2007]):

Lemma 6.1. For any partial policy φ, we have QBG(φ) ≤ QPOMDP(φ) ≤ QMDP(φ).

Proof. We have I ′MDP ⊆ I ′POMDP ⊆ I ′BG,t. Since relaxing constraints in a maximization problem
can only increase the optimal value, it follows that QBG,t(φ) ≤ QPOMDP(φ) ≤ QMDP(φ) for all
t ≥ 0. This in turn implies that QBG(φ) ≤ QPOMDP(φ) ≤ QMDP(φ).
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7 Recursive Small-Step Multi-Agent A∗ (RS-MAA∗)

In this section, we study our exact algorithm recursive small-step multi-agent A∗ (RS-MAA∗). It
applies small-step MAA∗ with lossless clustering [Oliehoek et al., 2009] and a recursive heuristic
with early termination QM,d, which we introduce in Section 7.1 and 7.2. In Section 7.3, we discuss
how we store and reuse heuristics in our implementation.

7.1 Recursive Heuristics

We now turn to the recursive heuristics that we use in our exact algorithm recursive small-step
multi-agent A∗ (RS-MAA∗). For an exact solver, using a tight heuristic is for most problems
essential to avoid having to explore a double exponential number of nodes. The reason for this
is that there are many clusters with a small probability, and taking suboptimal actions on these
clusters only leads to a slightly lower policy value compared to the optimal policy value. When an
admissible heuristic is not sufficiently tight, the heuristic values corresponding to partial policies
leading to these suboptimal policies are larger than the optimal policy value, which means that
the A∗ search must explore them to guarantee exactness. To avoid this, we propose tight recursive
heuristics, which are tighter than the heuristics currently available in the literature.

We first introduce fixed-depth heuristics with some depth d. However, since we can only
compute these heuristics efficiently if σ(φ) ≥ d, we also introduce variable-depth heuristics whose
depth is σ(φ) if σ(φ) < d and d if σ(φ) ≥ d.

7.1.1 Fixed-Depth Heuristics

We start by defining fixed-depth heuristics. For the fixed-depth heuristic QDec,d with depth d,
agents are allowed to use the first d joint observations in addition to their own local observations.
We formalize this as follows, using the framework from Section 6.3.

Definition 7.1 (Fixed-depth heuristic). Let τ = o[1,v] ∈ Ov be a joint observation history and

let i ∈ D be an agent. Write FDd

(
i,o[1,v], s

)
=
(
o
[1,min{v,d}]
̸=i , o

[1,v]
i

)
for the information that

agent i can use: the first d joint observations (or fewer if there are less than d), and its own local
observations. Then the fixed-depth heuristic QDec,d is the heuristic QFDd

.

From our general framework, we directly see that QDec,d is admissible and consistent:

Lemma 7.1. QDec,d is admissible and consistent.

Proof. The condition FGd(i, τ , s) = FGd(i, τ̃ , s̃) implies τi = τ̃i, which implies that I ′FDd
⊆ I.

Hence, Theorem 6.1 and 6.2 imply that QDec,d is admissible and consistent.

For d = 0, the fixed-depth heuristic corresponds to the original optimization problem (6.3).
From now on, we therefore assume that d ≥ 1. For stage-t partial policies with d ≤ t, the fixed-
depth heuristic is easier to compute than the Dec-POMDP value itself. Next, we explain this,
first informally and then formally. Since d ≤ t, the policy for the first d stages is specified by φ,
and we can compute the realized reward Vφ(b, d) up to stage d.

Intuition for the fixed-depth heuristic. We now first provide some intuition why the fixed-
depth heuristic with depth d is easier to compute than the Dec-POMDP value itself. Recall from
Section 3.6 that one of the challenges in solving Dec-POMDPs is that we cannot decompose solving
a Dec-POMDP into solving several independent, smaller problems, as is possible for an MDP and
a POMDP. The fixed-depth heuristic makes such a decomposition into smaller problems possible.
Namely, the fixed-depth heuristic effectively removes all constraints from the Dec-POMDP opti-
mization problem that involve both πi (τ , s) and πi (τ̃ , s̃), where the first d observations in τ and
τ̃ are different. Hence, given that the policy is fixed for stage t ≤ d− 1, the problem effectively
falls apart in |O|d independent subproblems, where each subproblem corresponds to the variables
πi (τ , s) where τ has some specific prefix of length d. Each of these subproblems corresponds to
a Dec-POMDP with horizon h− d, which leads to the recursive nature of the heuristic.
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Shortened policy. Consider a partial policy φ with σ(φ) ≥ d. To compute the fixed-depth
heuristic of depth d, we solve Dec-POMDPs with horizon h− d. If φ has already specified actions
for LOHs of length larger than d, then this should also be reflected in the problems with horizon
h − d. For this, we define the shortened partial policy φ|τ , which specifies for which observation
histories φ has already specified an action: (φ|τ )i(τ̃) = φi(τiτ̃).

Computing the fixed-depth heuristic. We now explain how to compute the fixed-depth
heuristic with depth d in practice for partial policies φ with σ(φ) ≥ d. Revealing the first d joint
observations τ ∈ Od provides the agents with a new joint belief bτ after d stages. Hence, for each
length-d joint observation history we solve a Dec-POMDP with horizon h−d, the new belief bτ as
initial belief, and the shortened partial policy φ|τ as initial policy of which all considered policies
must be an extension. This leads to the following equation:

QDec,d(φ) = Vφ (b, d) +
∑

τ∈Od

Pr(τ ) · max
π∈E(φ|τ )

Vπ (bτ , h−d) . (7.1)

Comparing different depths. When computing QDec,d, we allow each agent to also base their
decision on these first d joint observations. The smaller d, the less (additional) information agents
have, so the tighter the heuristic is. This provides the intuition for the following lemma. We again
prove the lemma by using our general framework.

Lemma 7.2. Let φ be a partial policy. If d′ ≤ d, then QDec,d′(φ) ≤ QDec,d(φ).

Proof. If d′ ≤ d, then FDd

(
i, τ , s

)
= FDd

(
i, τ̃ , s̃

)
implies FDd′

(
i, τ , s

)
= FDd′

(
i, τ̃ , s̃

)
. Hence, we

have I ′FDd
⊆ I ′FDd′

. So the maximization problem corresponding to depth d relaxes constraints

compared to the maximization problem corresponding to depth d′. Since relaxing constraints in
a maximization problem can only increase the optimal value, the result follows.

On the other hand, the heuristic QDec,d is harder to compute for smaller d, since by Equa-
tion (7.1) we have to solve Dec-POMDPs with a larger horizon for smaller d.

7.1.2 Variable-Depth Heuristics

We now turn to variable-depth heuristics. These heuristics take into account that we do not want
to compute QDec,d(φ) if σ(φ) < d, because then Eq. (7.1) cannot be used. To solve this, we use
QDec,d unless σ(φ) < d, in which case we use QDec,σ(φ)(φ). We do not compute heuristics for
policies with σ(φ) = 0, which we model by setting these heuristic values to ∞. Hence, the actual
depth d′ used starts at 1 for policies with σ(φ) = 1, and then gradually increases σ(φ) until an
upper limit d is reached. We call the corresponding variable-depth heuristic Qd.

However, the heuristic QDec,σ(φ)(φ) is not consistent. Namely, whenever we increase the
stage σ(φ), we increase the depth of the heuristic and hence switch to a looser heuristic (by
Lemma 7.2), which means that the heuristic value can increase rather than decrease. To solve
this, we use the construction from Lemma 5.7 to make the heuristic consistent, i.e. when defining
the heuristic, we take the minimum with the heuristic value of the parent.

Definition 7.2 (Variable-depth heuristic). Let φ be a partial policy. The variable-depth heuristic
Qd is recursively defined by Qd(φ) =∞ if σ(φ) = 0, and if σ(φ) ≥ 1 we define

Qd(φ) = min{QDec,min{σ(φ),d}(φ), Qd(φ
−)}.

We can also set d = ∞; then min{σ(φ), d} = σ(φ). Next, we show that Qd is admissible and
consistent, using the properties of QDec,d′ .
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Theorem 7.1. Qd is admissible and consistent for d ≥ 1.

Proof. We first show that Qd(φ) ≥ QDec,1(φ) using induction. For σ(φ) = 0 this holds trivially
since then Qd(φ) =∞. If σ(φ) ≥ 1, then we have QDec,min{σ(φ),d}(φ) ≥ QDec,1(φ) by Lemma 7.2
and Qd(φ

−) ≥ QDec,1(φ
−) ≥ QDec,1(φ) by the induction hypothesis and since QDec,1 is consistent.

Together, this implies that Qd(φ) ≥ QDec,1(φ). Since QDec,1 is admissible (by Lemma 7.1), it
follows that Qd is also admissible.

To show that Qd is consistent, we note that Qd(φ) ≤ Qd(φ
−) holds by construction. Also, we

have Qd(π) ≥ Vπ(b, h) since Qd is admissible, while Qd(π) ≤ QDec,min{h,d}(π) = Vπ(b, h) since
the heuristic QDec,min{h,d} is consistent. Hence, Qd(π) = Vπ(b, h) for fully specified Dec-POMDP
policies π. We conclude that Qd is consistent.

Comparison to recursive MAA∗. We now compare the recursive heuristics proposed in this
section with the recursive heuristic proposed by Szer et al. [2005], which is also called recursive
MAA∗. In essence, they propose the heuristic QDec,σ(φ), but with one difference. Namely, rather
than revealing the first d joint observations, Szer et al. [2005] reveals the dth state. As a result,
fewer different heuristics need to be computed, but the resulting heuristic is also less tight. We
revisit the idea of revealing the state in Section 9.1.

7.2 Terminating Heuristic Computations Early

Although the recursive heuristics Qd are usually very tight, they are also rather expensive to
compute. We compute the recursive heuristics using Equation (7.1), for which we need to solve
Dec-POMDPs with a smaller horizon. In turn, we solve these Dec-POMDPs with a smaller
horizon again using an A∗ algorithm with a consistent heuristic. Empirically, we see that the
highest heuristic value in the priority queue of the A∗ search quickly decreases to a value close to
the optimal value, but exploring all possibilities with a heuristic value just above optimal value
takes a lot of time. However, when computing heuristic values, we do not necessarily need the
precise optimal value of the Dec-POMDPs with a smaller horizon. Using an upper bound for this
optimal value still gives rise to an admissible heuristic. Due to the anytime nature of A∗ shown
in Lemma 5.3, the highest heuristic value of an open node is an upper bound for the expected
reward of an optimal policy. Hence, we can terminate the A∗ search corresponding to a heuristic
computation early. The resulting heuristic is (slightly) less tight than without early termination,
but typically still much tighter than the tightest heuristic from the literature, QBG. Moreover,
this early termination makes the recursive heuristic substantially faster to compute.

7.2.1 Static Termination

We first discuss early termination based on a fixed limit M on the number of nodes expanded.
We call this static termination, since the number of node expansions is fixed.

More precisely, we terminate heuristic computations after exploring M nodes and return the
highest heuristic value of an open node at that point. We call this value LM (φ, Q). If we use a
consistent heuristic, then the A∗ algorithm explores nodes in order of decreasing values, as shown
in Lemma 5.4. Then LM (φ, Q) is the Mth largest value in the tree, or, if A∗ terminates within
M steps, the value of an optimal fully specified policy. Next, we formalize LM (φ, Q).

Definition 7.3. Consider a search tree with a heuristic Q : Φ→ R and some fixed partial policy φ.
We define the set of candidate policies Φc(φ) = {φ <E φ′ ∧ σ(φ′) ≥ 1}. Let w be an ordered list
over Φc(φ) such that Q(wi) ≥ Q(wj) for i < j, and let k∗ = min{k | wk ∈ Π} be the smallest
index where w contains a fully specified policy. Then we define LM (φ, Q) = Q(wmin{k∗,M}).

Note that we only count partial policies with stage larger than 0, as we do not compute heuristic
values for partial policies with stage 0; formally, we assign these nodes an infinite heuristic value.
If K = M , then LM (φ, Q) = Q(wM ) is the Mth largest heuristic value in the search tree. On the
other hand, if K = k∗, then LM (φ, Q) = Q(w∗

k) = max
π∈Φc(φ)∩Π

Q(π), i.e., the value of an optimal

fully specified policy in Φc.
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Recall that the heuristic Qd can be written in terms of optimal values of Dec-POMDPs with a
lower horizon. For the heuristic QM,d, we (recursively) substitute the precise values with the
values obtained after early termination.

Definition 7.4 (Recursive heuristic with early termination). We define QM,d(φ) =∞ for σ(φ) =
0. For σ(φ) ≥ 1, we define QM,d(φ) inductively over the horizon. For h = 1, partial policies with
σ(φ) ≥ 1 are fully specified and we define QM,d(φ) = Vφ(b, 1). For h = ℓ+ 1, QM,d(φ) is

min

{
Vφ(b, t) +

∑
τ∈Ot

[Pr(τ )LM (φ|τ , QM,d)] , QM,d(φ
−)

}
, where t = min{d, σ(φ)}.

Note that the QM,d values used for computing LM (φ|τ ) are values with horizon ℓ+ 1− t ≤ ℓ, so
these are defined already. Hence, the recursion is well-founded.

Next, we show that terminating heuristics earlier leads to heuristics that are less tight.

Lemma 7.3 (Terminating earlier leads to larger heuristic values). Let φ be a partial policy. Then
Qd(φ) ≤ QM ′,d(φ) ≤ QM,d(φ) for all d ≥ 1 and for all M ′ ≥M .

Proof. We use notation as in Definition 7.3. For any N , we can write

LN (φ|τ , QN,d) = max

{
max

π∈Φc(φ|τ )∩Π
QN,d(π), QN,d(wN )

}
.

We show the second inequality by induction on the horizon. For h = 1, QM ′,d(φ) and QM,d(φ)
are defined in the same way, so they are equal. Now assume that QM ′,d(φ) ≤ QM,d(φ) for all
h ≤ ℓ. To prove that QM ′,d(φ) ≤ QM,d(φ) for all partial policies φ with horizon ℓ+ 1, we apply
induction on φ. As base case for this induction, note that QM ′,d(φ) = QM,d(φ) =∞ if σ(φ) = 0.
Now let φ be a partial policy for horizon ℓ + 1 with σ(φ) ≥ 1, and write t = min{d, σ(φ)}. Let
τ ∈ Ot be given. We first show that LM ′(φ|τ , QM ′,d) ≤ LM (φ|τ , QM,d). Let v and w denote
the ordered list over Φc(φ|τ ) corresponding to QM ′,d and QM,d, respectively. By the induction
hypothesis, we have QM,d(φ

′) ≤ QM,d(φ
′) for all φ′ ∈ Φc(φ|τ ), since φ|τ and hence the partial

policies in Φc(φ|τ ) have horizon at most ℓ. Hence,

QM ′,d(vM ′) ≤ QM ′,d(vM ) ≤ QM,d(wM ),

where the second inequality follows from the fact that the QM ′,d-values are at most the QM,d-
values, so the Mth largest QM ′,d-value is at most the Mth largest QM,d-value.

Since QM ′,d(π) ≤ QM,d(π) for all π ∈ Φc(φ|τ )∩Π by the induction hypothesis, it follows that

LM ′(φ|τ , QM ′,d) = max

{
max

π∈Φc(φ|τ )∩Π
QM ′,d(π), QM ′,d(vM ′)

}
≤ max

{
max

π∈Φc(φ|τ )∩Π
QM,d(π), QM,d(wM )

}
= LM (φ|τ , QM,d)

for all τ ∈ Ot. Finally, we have QM ′,d(φ
−) ≤ QM,d(φ

−) by the induction hypothesis correspond-
ing to the inner induction on φ. Together, this shows that QM ′,d(φ) ≤ QM,d(φ), which completes
the induction and hence the proof of the second inequality.

The first inequality follows from the second inequality, since we have Qd(φ) = QM ′,d(φ) for M
′

sufficiently large (e.g. at least if M ′ is larger than the number of partial policies of the considered
horizon h, and hence also larger than the number of partial policies of any smaller horizon).

We now use this lemma to show that QM,d is admissible and consistent.

Theorem 7.2. QM,d is admissible and consistent for d ≥ 1 and M ≥ 1.

Proof. Since QM,d(φ) ≥ Qd(φ) and Qd is admissible by Theorem 7.1, it follows that QM,d is
also admissible. To show that QM,d is consistent, we note that QM,d(φ) ≤ QM,d(φ

−) holds by
construction. Also, we have QM,d(π) ≥ Vπ(b, h) since QM,d is admissible.
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Hence, it remains to show that QM,d(π) ≤ Vπ(b, h). We show this by induction on the
horizon h. For h = 1, we have QM,d(π) = Vπ(b, h) by definition, since σ(π) = 1. Now assume
that QM,d(φ) ≤ Vπ(b, h) for all h ≤ ℓ. Let π be a fully specified policy for horizon ℓ + 1. If
d ≥ ℓ+ 1, then QM,d(π) = Vπ(b, ℓ+ 1), as required. Otherwise, we have d < ℓ+ 1, and hence

QM,d(π) ≤ Vπ(b, d) +
∑

τ∈Od

[Pr(τ )LM (π|τ , QM,d)] .

Note that π|τ is also a fully specified policy, so Φc(π|τ ) = {π|τ} and hence the induction hy-
pothesis implies that LM (π|τ , QM,d) = QM,d(π|τ ) ≤ Vπ|τ (bτ , ℓ+1− d). Hence, we conclude that
QM,d(π) ≤ Vπ(b, ℓ+ 1), which completes the induction and hence the proof.

7.2.2 Relation to the POMDP Heuristic

We now compare the heuristic Q1,d to the precomputed heuristics QPOMDP.

Theorem 7.3. Q1,d(φ) = QPOMDP(φ) for all d ≥ 1 and all partial policies φ with σ(φ) ≥ 1.

Proof. We show the statement using induction on the horizon h of φ. Let b denote the initial
belief. If h = 1, then partial policies φ with σ(φ) ≥ 1 are fully specified and then we have
Q1,d(φ) = Vφ(b, 1) = QPOMDP(φ). Now assume that Q1,d(φ) = QPOMDP(φ) for all h ≤ ℓ and all
partial policies φ with σ(φ) ≥ 1.

We now prove using induction on φ that Q1,d(φ) ≥ QPOMDP(φ) for all partial policies φ
with horizon ℓ + 1, with equality if σ(φ) ≥ 1. For the base case, note that the inequality is
trivial if σ(φ) = 0, since then Q1,d(φ) = ∞ by definition. Now suppose that σ(φ) ≥ 1. Let
t = min{d, σ(φ)}. Then t ≥ 1. We first show that

L1(φ|τ , Q1,d) = QPOMDP(φ|τ )

for all τ ∈ Ot. If σ(φ|τ ) ≥ 1, then L1(φ|τ , Q1,d) = Q1,d(φ|τ ) = QPOMDP(φ|τ ), where the second
equality follows from the induction hypothesis since φ|τ has horizon ℓ+ 1− t ≤ ℓ.

If σ(φ|τ ) = 0, then L1(φ|τ , Q1,d) is the highest heuristic value Q1,d(φ
′) among all φ′ with

φ|τ <E φ′ and σ(φ′) ≥ 1. Since Q1,d is consistent, this highest heuristic value is achieved by
a φ′ that only specifies the joint action for stage 0. Hence, the computation corresponding to
L1(φ|τ , Q1,d) corresponds to maximizing over all joint actions in stage 0 that agree with the
partial action that φ|τ that specifies for stage 0. To formalize this, let aφ,τ = ⟨φ1(τ1), . . . , φi(τi)⟩
be the partial action that φ|τ specifies for stage 0, and let EA(aφ,τ ) denote the set of all joint
actions agreeing with aφ,τ :

EA(aφ,τ ) =
{
⟨φ1(τ1), . . . , φi(τi), ai+1, . . . , an⟩

∣∣ ai+1 ∈ Ai+1, . . . , an ∈ An

}
.

Finally, let φ′
a be the partial policy corresponding to initial belief τ , with horizon ℓ + 1 − t that

assigns joint action a in stage 0. Then we can write

L1(φ|τ , Q1,d) = max
a∈EA(aφ,τ )

Q1,d(φ
′
a)

= max
a∈EA(aφ,τ )

QPOMDP(φ
′
a)

= max
a∈EA(aφ,τ )

[
Vφ′

a
(bτ , 1) +

∑
o∈O

Pr(o | bτ ,a)Q′
POMDP((bτ )a,o, ℓ− t, ⟨⟩)

]

= max
a∈EA(aφ,τ )

[
R(bτ ,a) +

∑
o∈O

Pr(o | bτ ,a)Q′
POMDP((bτ )a,o, ℓ− t, ⟨⟩)

]
= max

a∈EA(aφ,τ )
Q′

POMDP

(
bτ , ℓ+1−t, a

)
= Q′

POMDP

(
bτ , ℓ+1−t, aφ,τ

)
= QPOMDP(φ|τ ).
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In the first equality, we use the property of L1(φ|τ , Q1,d) shown earlier. The second equality
follows from the induction hypothesis, since φ′

a has horizon ℓ + 1 − t ≤ ℓ. The third equality
follows from the definition of QPOMDP from Section 6.2, since σ(φ′

a) = 1, rewritten slightly using
the correspondence between joint observations and joint observation histories of length 1. In the
fourth equality we just rewrite Vφ′

a
(bτ , 1) = R(bτ ,a). The fifth equality is the value iteration

equation of Q′
POMDP from Section 6.2. The sixth equality follows from (repeatedly) applying the

definition of Q′
POMDP for partial actions, and the final equality is the definition of QPOMDP from

Section 6.2, using that σ(φ|τ ) = 0. Hence, we conclude that L1(φ|τ , Q1,d) = QPOMDP(φ|τ ) also
holds if σ(φ|τ ) = 0, and hence it holds for all τ ∈ Ot.

Write u = σ(φ) − t. Note that σ(φ|τ ) ∈ {u, u + 1}. The case σ(φ|τ ) = u + 1 occurs if φ
specified actions for all LOHs of length σ(φ) with prefix τ (but, by definition, not yet on all LOHs
of length σ(φ)). In that case, φ|τ does not specify actions for any LOH of length σ(φ|τ ) = u+1,
so aφ|τ ,eτ ·eo = ⟨⟩ for any τ̃ · õ ∈ Ou+1 (with τ̃ ∈ Ou). Hence, we can write

QPOMDP(φ|τ ) = Vφ|τ (bτ , u+1) +
∑

eτ ·eo∈Ou+1

Pr(τ̃ , õ)Q′
POMDP

(
(bτ )eτ ·eo, ℓ− t− u, ⟨⟩

)
= Vφ|τ (bτ , u) +

∑
eτ∈Ou

[Pr(τ̃ )R((bτ )eτ , ã)] +∑eτ∈Ou

Pr(τ̃ )
∑
eo∈O

Pr(õ)Q′
POMDP

(
(bτ )eτ ·eo, ℓ−t−u, ⟨⟩)

= Vφ|τ (bτ , u) +
∑

eτ∈Ou

Pr(τ̃ )

[
R((bτ )eτ , ã) + ∑

eo∈O

Pr(õ)Q′
POMDP

(
(bτ )eτ )ea,eo, ℓ−t−u, ⟨⟩)

]
= Vφ|τ (bτ , u) +

∑
eτ∈Ou

Pr(τ̃ )Q′
POMDP

(
(bτ )eτ , ℓ−t−u+1, aφ|τ ,eτ ),

where in the second and third line we shorten ã = aφ|τ ,eτ . This shows that we can use the equation
for QPOMDP(φ|τ ) corresponding to policies of stage u, even if the stage φ|τ actually u+1 (but no
actions for LOHs of length u+ 1 are specified).

Using the equality L1(φ|τ , Q1,d) = QPOMDP(φ|τ ), we can now write

Vφ(b, t) +
∑
τ∈Ot

Pr(τ )L1(φ|τ , Q1,d)

= Vφ(b, t) +
∑
τ∈Ot

Pr(τ )QPOMDP(φ|τ )

= Vφ(b, t) +
∑
τ∈Ot

Pr(τ )

[
Vφ|τ (bτ , u) +

∑
eτ∈Ou

Pr(τ̃ )Q′
POMDP

(
(bτ )eτ , ℓ−t−u+1, aφ|τ ,eτ )

]
= Vφ(b, t+ u) +

∑
τ ·eτ∈Ot+u

Pr(τ · τ̃ )Q′
POMDP

(
bτ ·eτ , ℓ−t−u+1, aφ,τ ·eτ )

= QPOMDP(φ).

Finally, the induction hypothesis implies that Q1,d(φ
−) ≥ QPOMDP(φ

−) ≥ QPOMDP(φ), where the
inequality holds since QPOMDP is consistent. Hence, we have

Q1,d(φ) = min

{
Vφ(b, t) +

∑
τ∈Ot

[Pr(τ )L1(φ|τ , Q1,d)] , Q1,d(φ
−)

}

= min

{
QPOMDP(φ), Q1,d(φ

−)

}
= QPOMDP(φ).

This completes the induction and hence the proof.
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7.2.3 Dynamic Termination

In Section 7.2.1, we have shown how heuristic computations can be terminated early statically,
based on a fixed maximum number of iterations M . We can go further and also terminate the
heuristic computation of Q(φ) when the highest heuristic value of an open node is much smaller
than the heuristic value of the parent Q(φ−), which is an upper bound for Q(φ) for consistent
heuristics. We call this dynamic termination.

Specifically, let u = Q(φ−). Then we terminate the heuristic computation after M iterations
or if the new heuristic value v satisfies v ≤ u− αmax{|u|, 1}, where α is a parameter, called the
threshold. The intuition for this is that a large drop in computing the heuristic value is sufficient
to avoid expanding that node again (at least for a long time), so spending more time computing
heuristics for this node is likely a waste of time.

Next, we formalize this heuristic, similarly to the formalization of static termination. We first
define the generalization of LM (φ, Q), which we denote by LM,α(φ, Q).

Definition 7.5. Consider a search tree with a heuristic Q : Φ→ R and some fixed partial policy φ.
We define the set of candidate policies Φc(φ) = {φ <E φ′ ∧ σ(φ′) ≥ 1}. Let w be an ordered list
over Φc(φ) such that Q(wi) ≥ Q(wj) for i < j, and let k∗ = min{k | wk ∈ Π} be the smallest
index where w contains a fully specified policy.

Write u = Q(φ−) and u = u − αmax{|u|, 1}. Let k′ = min{k | Q(wk) ≤ u} be the smallest
index for which the heuristic value Q(wk) is smaller than u. If such index does not exist, then we
set k′ =∞. Finally, we define LM,α(φ, Q) = Q(wmin{k∗,k′,M}).

Using the value LM,α(φ, Q), we now define the recursive heuristic with dynamic termination,
which we denote by QM,d,α:

Definition 7.6 (Recursive heuristic with dynamic early termination).
First, we define QM,d,α(φ) = ∞ for σ(φ) = 0. For σ(φ) ≥ 1, we define QM,d,α(φ) inductively
over the horizon. For h = 1, partial policies with σ(φ) ≥ 1 are fully specified and we define
QM,d,α(φ) = Vφ(b, 1). For h = ℓ+ 1, QM,d,α(φ) is

min

{
Vφ(b, t) +

∑
τ∈Ot

[Pr(τ )LM,α(φ|τ , QM,d,α)] , QM,d,α(φ
−)

}
, where t = min{d, σ(φ)}.

We note that QM,d,α(φ) = QM,d(φ) if α is sufficiently large. In general, we always have
QM,d,α(φ) ≥ QM,d(φ). Also, for M = 1 we always terminate heuristic computations after 1
step. Hence, dynamic termination has no effect for M = 1, so Q1,d,α(φ) = Q1,d(φ) for any α.

7.2.4 Dynamically Increasing Depth

We now turn to another technical detail how we use these heuristics in practice. While Lemma 7.2
tells us that Qd(φ) ≤ Qd′(φ) if d ≤ d′, the inequality QM,d(φ) ≤ QM,d′(φ) does not necessarily
hold, i.e., taking the lowest depth does not always lead to the tightest heuristic when terminating
heuristic computations early. We first give some intuition why QM,d(φ) ≤ QM,d′(φ) might not

hold, in particular if σ(φ) is large. For larger d, a shortened policy φ|τ with τ ∈ Od specifies
fewer actions. Hence, the observation histories (or more generally, clusters) on which φ|τ does
not yet specify an action are shorter, and hence in general have a higher probability. Hence, the
M iterations are spent in a better way for larger d, namely on clusters with a higher probability,
which have a larger impact on the (heuristic) value.

To overcome this weakness, we actually compute Qd′(φ) for all d′ ≥ d. Computing the heuristic
Qd(φ) is much more expensive than computing Qd′(φ) for d′ > d, so the additional runtime for
computing heuristics for higher depths is negligible. Each time we expand a node φ, we update d
to argmind′ Qd′(φ) (taking the largest value of d′ in case of a tie) for all descendants of that node.
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7.3 Storing and Reusing Heuristics

Next, we turn to an important aspect of our implementation, namely how we reuse heuristics.
A key feature of our algorithms is that heuristics are computed on-the-fly, in contrast to

precomputing them. Recall that we solve the Dec-POMDP for smaller horizons and different
initial beliefs. The combination of horizon and initial belief (and initial part of the policy) can
appear in multiple computations. To avoid recomputing those heuristic values, we memoize all
values. To enable finding values that we already computed, we characterize each heuristic as a
tuple containing 1) the horizon, 2) the initial belief, 3) an index describing the partial policy, and
4) a list of indices describing the clustering structure at each stage.

We additionally reuse computations for which we completed the computation of Qd, i.e., for
which we did not terminate early. Those values can be reused when evaluating extended policies.
In particular, whenever we do not terminate early, we not only find a heuristic value, but also a
fully specified policy π. Then, for all φ′ satisfying φ <E φ′ <E π we have Q(φ) = Q(φ′) = Q(π).
Hence, we can also store the heuristic value for all such φ′ without explicitly computing them. In
practice, we only store it for policies φ′ of the same stage as clustering in later stages may depend
on the observations that are revealed.
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8 Policy-Finding Multi-Agent A∗ (PF-MAA∗)

Next, we turn to policy-finding multi-agent A∗ (PF-MAA∗), our policy-finding algorithm. In
Section 8.1, we introduce queue pruning, which is a method to ensure that A∗ finds a (possibly
suboptimal) solution faster. In Section 8.2, we introduce heuristics tailored to policy-finding.
Finally, in Section 8.3, we explain how we compute the heuristics for PF-MAA∗ in practice using
the concept of horizon reduction.

PF-MAA∗ applies small-step MAA∗ with clustered sliding window memory (Section 4.5), queue
pruning (Section 8.1) and the heuristic Qmaxr,r or QMDP,r (Section 8.2).

8.1 Queue Pruning

For our policy-finding algorithm PF-MAA∗, we prune the priority queue to find a good policy
faster. In particular, we limit the number of policies expanded to h · L for some L, while guar-
anteeing that we find a fully specified policy. We prune the A∗ priority queue using a progress
measure prog. Partial policies in the priority queue are still processed in descending order of
heuristic value. However, a partial policy φ is only expanded if prog(φ) ≥ N , where N is the
number of policies expanded already. Otherwise, the partial policy φ is pruned, i.e. removed from
the queue without further processing.

Algorithm 3 shows in pseudocode how queue pruning is done for A∗ algorithms in general.
Alternatively, we can see queue pruning as a modification of the Next operator in GMAA∗, where
Next(φ) remains unchanged if prog(φ) ≥ N , but we set Next(φ) = ∅ if prog(φ) < N .

Algorithm 3 A∗ with queue pruning

Input: Rooted search tree T = (V, E), heuristic Q : V → R, progress measure prog : V → R
Output: An f ∈ F , where F ⊆ V is the set of leaves of T
L← PriorityQueue() ▷ sorted in descending order by Q-value
N ← 0 ▷ number of nodes expanded
L.push(root(T ))
while true do
v ← L.pop()
if v ∈ F then

return v
if prog(v) < N then ▷ prune nodes with insufficient progress

continue
for all children v′ of v in T do
L.push(v′)

N ← N + 1

Necessity of queue pruning. We now explain why queue pruning is necessary for PF-MAA∗.
When running (small-step) MAA∗ to find an optimal policy, it is not possible to prune the priority
queue. It can be observed empirically that too many nodes are expanded even before the first
fully specified policy is added to the priority queue, to be able to find a policy in reasonable time.
Hence, we have to limit the number of policies expanded in the shallow levels of the search tree.
In fact, we really have to limit the number of policies expanded up to each level of the tree, to
ensure that the algorithm will explore deeper nodes in the search tree sufficiently fast. To be
precise, since we want to make sure that the algorithm finds a fully specified policy after h · L
policy expansions, we make sure that the algorithm finds a policy with stage σ(φ) ≥ t after t · L
policy expansions for each 1 ≤ t ≤ h.

8.1.1 Definition of the Progress Measure

Having explained the general concept of queue pruning, we turn to the specific progress measure
prog that is used to determine which policies are pruned.

65



There are two design goals for the progress measure prog:

• It has to limit the number of policies expanded up to each level of the search tree, to ensure
that a fully specified policy is found within h ·L policy expansions. We call this correctness.

• It should prune the least promising policies.

The first design goal is met by using a progress measure that increases by at least 1 each time we
go down a level in the tree. We prove this for our progress measure in Section 8.1.2.

We now focus on the intuition for designing a progress measure that meets the second design
goal. When using a consistent heuristic for policy finding, the heuristic values by definition go
down as we go deeper in the search tree. Intuitively, this holds because a larger part of the
heuristic value becomes the actual realized reward in the stages for which the policy is already
specified, rather than the overestimation provided by the heuristic for remaining stages (for which
the policy is not specified yet). So consistent heuristics are more optimistic for partial policies for
which fewer actions (or actions for clusters with lower probability) have been specified. Hence,
a deep policy with some heuristic value is more likely to have a good policy as descendant than
a shallow policy with the same heuristic value. This explains why it is preferable to prune the
shallow node when aiming to find a good policy.

First attempt: progress measure prog′. Due to differences in the number of clusters per
stage between different policies, we should however not directly use the depth of the node in the
search tree (which is just the total number of LOHs to which an action is assigned) as progress
measure, but rather take into account how many stages this represents, and within each stage,
for how many agents the policy has been fully specified. A first idea for a progress measure could
therefore be as follows: Let φ be a partial policy such that φ has specified an action for all clusters
of length σ(φ)− 1, for all clusters of length σ(φ) for i out of n agents, and for c out of |Ci+1,σ(φ)|
clusters of length σ(φ) of agent i+ 1. Then we could consider

prog′(φ) = σ(φ) · L+ i · L
n
+ c · L

n
∣∣Ci+1,σ(φ)

∣∣ .
The progress measure prog′ aims to divide the available iterations evenly over the stages, within
each stage evenly over the agents, and per agent evenly over the clusters of the agent in that stage.

Progress measure prog. We now turn to the actual progress measure prog that we use. With
prog, we also take into account the probability of each of the clusters for the agent i+1 for which
we currently specify actions. Specifically, prog is defined as

prog(φ) = σ(φ) · L+ i · L
n
+ c+ p ·

(
L

n
−
∣∣Ci+1,σ(φ)

∣∣) .

where p is the probability that the LOH of agent i + 1 is in one of the first c clusters, i.e. the
probability of the clusters of agent i + 1 to which φ already assigns an action. The progress
measure prog′ gives comparable, but slightly worse results than the progress measure prog.

To provide intuition for the progress measure prog, we note the following. The contribution of
the overestimation of the heuristic on a given cluster to the overall heuristic value, is proportional
to the probability of that cluster. Hence, if so far we mostly assigned actions to clusters with
small probability (for the current agent), the heuristic value will be more optimistic, because the
overestimations that we reduced by assigning actions have a smaller weight. Hence, a smaller p
should correspond to a smaller progress measure, so that it is pruned rather than a partial policy
with the same heuristic value progressed to the same stage and agent, but which has assigned
actions to clusters with a larger probability.

However, when completely removing c from the progress measure and replacing it by p · Ln ,
we no longer ensure that the queue always contains a policy which is not pruned. Therefore, we
also include c in the progress measure (which is at most

∣∣Ci+1,σ(φ)

∣∣), and include the probability

p with the remaining weight
(
L
n −

∣∣Ci+1,σ(φ)

∣∣). We assume that L ≥ n|Ci,t|, which implies that
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this weight is nonnegative. Then the progress measure always increases by at least 1 when going
down a level in the tree, and hence the queue always contains a policy which is not pruned. We
show this next.

8.1.2 Correctness of the Progress Measure

We now show that our progress measure is correct, i.e. that a fully specified policy is eventually
found. The definition of the progress measure has been chosen to ensure that prog(φ′) ≥ prog(φ)+1
if φ′ is a child of φ in the search tree. Hence, if φ is expanded, then its children are possible
candidates for expansion in the next iteration. We formalize this in two lemmas and a corollary.

Lemma 8.1. Assume that L ≥ n|Ci,t| for all 0 ≤ t ≤ h − 1 and all i ∈ D. Let φ be a partial
policy and let φ′ be a child of φ in the small-step search tree. Then prog(φ′) ≥ prog(φ) + 1.

The proof of this lemma, which we give in Appendix A.3, consists of a case analysis, depending
on whether we move to the next cluster for the same agent, the next agent for the same stage or
the next stage. This lemma implies that it is an invariant of the algorithm that the queue always
contains a policy which is not pruned.

Lemma 8.2. Assume that L ≥ n|Ci,t| for all 0 ≤ t ≤ h− 1 and all i ∈ D. Until a fully specified
policy is found, the queue always contains a policy φ such that prog(φ) ≥ N , where N is the
number of policies expanded already.

Proof. Initially, we have N = 0 and the queue starts with a policy φ with prog(φ) ≥ 0.7 Now
suppose that we expand some policy φ when N policies are expanded already. Then prog(φ) ≥ N .
If φ is not fully specified, then we add its children φ′ to the queue which satisfy

prog(φ′) ≥ prog(φ) + 1 ≥ N + 1

by Lemma 8.1. Since N+1 policies are expanded after expanding φ, this completes the proof.

Corollary 8.1. Assume that L ≥ n|Ci,t| for all 0 ≤ t ≤ h − 1 and all i ∈ D. Then PF-MAA∗

finds a fully specified policy within h · L policy expansions.

Proof. For any partial policy φ, we have prog(φ) ≤ h · L, with equality if and only if φ is fully
specified. Now suppose that we have already expanded h ·L policies, but have not yet found a fully
specified policy. Then Lemma 8.2 implies that the queue contains a policy with prog(φ) ≤ h · L,
which is hence a fully specified policy. Moreover, we prune all policies which are not fully specified
policy, so after h ·L policy expansions PF-MAA∗ returns the fully specified policy with the highest
value in the queue if it has not returned a fully specified policy earlier already.

8.2 Heuristics for Policy-Finding

Next, we discuss the heuristics used in policy-finding multi-agent A∗ (PF-MAA∗). Recall from
Section 8.1 that in PF-MAA∗, we prune the priority queue used by the A∗ search. Due to this
pruning, heuristics that are useful for exact solving (or finding upper bounds) are not necessar-
ily useful for policy-finding. Before discussing the actual heuristics, we therefore discuss some
properties which make a heuristic useful for policy-finding.

Highest heuristic values for good policies. The most important property of a heuristic for
policy-finding is that ‘good’ policies (i.e., partial policies leading to (near-)optimal policies) have
the highest heuristic values, to ensure that the search is steered towards these policies, while ‘bad’
policies are pruned. In particular, it is sufficient if the heuristic overestimates all policies by the
same amount, or overestimates good policies more than bad policies. On the other hand, it is
problematic if bad policies are initially (i.e., for low stages) overestimated more compared to good
policies of the same stage, even if this is corrected in the next stage. Namely, the good policies
are then already pruned when reaching the next stage. This is in stark contrast with heuristics
used for exact solving, where it is acceptable if bad policies are initially overestimated more, as
long as this is corrected in the next stage.

7For heuristic computations, the initial policy φ in the queue is not necessarily the empty policy.
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Computationally cheap. Another useful property for a heuristic for policy-finding is that it
is cheap to compute, as this allows for more exploration of the search space within given time and
memory limits. As a consequence of desiring a computational cheap heuristic, the heuristics are
often rather loose. However, since we prune policies, is not necessary to use a tight heuristic to
limit the number of nodes expanded. By contrast, for exact solving the fastest option can be to
use a very expensive heuristic, if the number of nodes expanded is prohibitive otherwise.

Value information gathering and communication actions. To be able to steer the search
towards good policies, a heuristic for policy-finding should sufficiently value information gathering
and communication actions. Information gathering actions are actions that provide relatively
much information about the state through the (local) observations, while communication actions
allow agents to transmit (a summary of) their local observations to other agents. Typically, these
actions are costly. This makes the MDP heuristic typically a poor choice for policy-finding, since
the effect of gathering information is not reflected in the estimate of future rewards provided by
the MDP heuristic, while the costs of the information gathering action are taken into account.
Similarly, in problems where communication actions are important, also the POMDP heuristic is
likely to be perform poorly. In practice, the policy-finding heuristics that we use take into account
the effects of these actions on the near future, by modelling the near future as a Dec-POMDP.

8.2.1 Maximum Reward Heuristic

We use the following simple maximum reward heuristic Qmaxr,r(φ), where σ(φ) < r. This heuristic
computes a Dec-POMDP heuristic for φ with horizon r, and upper bounds the reward over the
remaining h − r stages by the maximum reward (over all state-action pairs) per stage. We now
introduce some notation. We say that the horizon of a partial policy is t if the domain of each
local partial policy φi is O≤t−1

i . Also, we let φ|≤r be the policy where the horizon is changed to r,

i.e. the domain of each local partial policy φi is changed to O≤r−1
i . Let Rmax = max

(s,a)∈S×A
R(s,a).

Definition 8.1 (Maximum reward heuristic). Let φ be a policy with horizon h and σ(φ) < r.
Let M ≥ 1 and d ≥ 1 be given. The maximum reward heuristic is defined by

Qmaxr,r(φ) = QM,d

(
φ|≤r

)
+ (h− r)Rmax.

Although this heuristic is clearly not tight in general, it is still useful when finding policies:
search guided by this heuristic is essentially a local search, choosing policies yielding good reward
over the next r − σ(φ) stages. In particular, this heuristic overestimates the future beyond stage
r equally for all partial policies.

8.2.2 Terminal Reward MDP Heuristic

To take into account the effect of actions on later stages to some extent, we can also use the
terminal reward MDP heuristic QMDP,r(φ), where r > σ(φ). This is a Dec-POMDP heuristic
for φ with horizon r for a Dec-POMDP with terminal rewards, where these terminal rewards
represent the QMDP value for the remaining h − r stages. The QMDP value is the MDP value
where the agents take the same joint action in stage 0 [Littman et al., 1995]. To define this
heuristic formally, let Q′

MDP(s, t,a) be the optimal value of the underlying MDP with initial state
s and horizon t, given that action a is taken in stage 0.

Definition 8.2 (Terminal reward MDP heuristic). Let φ be a policy with horizon h and σ(φ) < r.
If h > r, we consider the given Dec-POMDP with horizon r and a terminal reward RT : ∆(S)→ R,
awarded based on the final joint belief after r stages. The terminal reward is defined by

RT (b) = max
a∈A

∑
s∈S

b(s) ·Q′
MDP(s, h−r,a). (8.1)

The awarded terminal reward is then
∑

τ∈Or Pr(τ )RT (bτ ). Finally, let M ≥ 1 and d ≥ 1 be

given. Then we define the terminal reward MDP heuristic QMDP,r(φ) as the heuristic QM,d

(
φ|≤r

)
corresponding to this Dec-POMDP with horizon r and terminal rewards. If h ≤ r, then the
terminal reward MDP heuristic QMDP,r(φ) is simply QM,d (φ).
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Figure 11: Schematic call graph for PF-MAA∗, for r = 3. A dotted line indicates that a result is provided.

8.3 Horizon Reduction

In PF-MAA∗, heuristic values are computed recursively, similarly to RS-MAA∗. However, the
heuristics introduced in Section 8.2 only apply if σ(φ) < r. To avoid having to compute heuristics
for large horizons, PF-MAA∗ first applies a horizon reduction, reducing the computation of a
heuristic for a horizon h′ Dec-POMDP to a computation for horizon r Dec-POMDP with terminal
rewards representing the remaining h′− r stages. For PF-MAA∗, this terminal reward is an MDP
value or just h′ − r times the maximal reward, as explained in Section 8.2.

To further explain how heuristics are computed, we now turn to the two different modes for
A∗ and the concept of horizon reduction. Specifically, we have a policy-finding mode, a horizon
reduction step and a heuristic (computation) mode. In the initial call, PF-MAA∗ is in the policy-
finding mode. In all further (recursive) calls, PF-MAA∗ makes a horizon reduction step when
called with a horizon h′ > r and are in heuristic mode when called with a horizon h′ ≤ r. In
policy-finding mode, no horizon reduction is applied, since this precludes finding a policy for the
full horizon h. In a horizon reduction step, we reduce computing a heuristic for a horizon h′ Dec-
POMDP to computing a heuristic for a horizon r Dec-POMDP with terminal rewards representing
the remaining h′ − r stages. In heuristic mode, we do not have to find a policy, but only return
an upper bound for the value of an optimal policy.

In policy-finding and heuristic mode, PF-MAA∗ behaves similarly to RS-MAA∗. In particular,
we compute a heuristic corresponding to revealing the first d joint observations for each agent,
which in practice means that we consider all possible joint observation histories τ ∈ Od at stage
d. For each observation history τ , we consider the shortened partial policy φ|τ , which gives the
actions the agents take when receiving particular observations from stage d onwards. Then we
compute heuristics for horizon h′−d with initial policy φ|τ , and weigh these with the probabilities
of the observation history τ to compute a heuristic. In both modes, d starts at 1. In heuristic
mode, d increases to d′ when using the Qd′ heuristic. In policy-finding mode for PF-MAA∗, d
increases further as the stage of the partial policies φ in the queue increase.

Call graph for PF-MAA∗. Figure 11 shows a schematic call graph for PF-MAA∗ when using
the QMDP,r heuristic with r = 3. Initially, we have d = 1 and call PF-MAA∗ in horizon reduction
mode with horizon 99. Then the horizon is reduced to 3, and the corresponding call to PF-MAA∗

in heuristic mode uses the terminal rewards, which are values of an MDP with horizon 96, when
needed. In the figure, we only show these initial calls. Later in the execution of the algorithm, d
increases; then the initial call of PF-MAA∗ in policy-finding mode makes calls to PF-MAA∗ with
horizon 100− d, which will in turn make a horizon reduction if 100− d ≥ r, and use values of an
MDP with horizon 100− d− r as terminal rewards.
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9 Terminal Reward Multi-Agent A∗ (TR-MAA∗)

Terminal reward multi-agent A∗ (TR-MAA∗) computes upper bounds. It applies small-step MAA∗

with lossless clustering and a terminal reward heuristic, which we introduce in Section 9.1. In
Section 9.2, we explain the horizon reduction in the context of TR-MAA∗.

9.1 Heuristics for Tight Upper Bounds

We continue by discussing the heuristics used in our upper bound algorithm, terminal reward
multi-agent A∗ (TR-MAA∗). Among the heuristics used so far in the literature, only the MDP
heuristic [Littman et al., 1995] can be computed effectively for large horizons. However, the
MDP heuristic is generally a very loose overestimation. Tighter heuristics, such as the POMDP
heuristic and the BG heuristic, cannot be precomputed and stored for large horizons within
reasonable time and memory limits [Oliehoek et al., 2013]. Similarly, even when using the cheapest
recursive heuristic Q1,∞, RS-MAA∗ reaches time or memory limits on some benchmarks before
even computing the first heuristic value.

The main reason for the infeasiblity of computing the POMDP heuristic and the BG heuristic
is that for large horizons h, the number of reachable beliefs from the initial belief in h stages is
too large. Although the number of reachable beliefs is typically much smaller than the theoretical
maximum O

(
(|A||O|)h−1

)
, it is often still exponential in h, and hence infeasible for large h. Due

to its on-the-fly heuristic computations, RS-MAA∗ can avoid considering all reachable beliefs.
Nevertheless, RS-MAA∗ still needs to consider at least all beliefs reachable by all optimal policies,
of which there are O

(
|O|h−1

)
per policy. While this upper bound is again not always reached,

even the number of reachable beliefs by an optimal policy grows exponentially with the horizon
for several of the standard Dec-POMDP benchmarks.

To design a heuristic that scales better with the horizon, we must therefore avoid exploring
all these beliefs. We do this by periodically revealing the state. If the state is revealed every r
stages, then all beliefs that we encounter in heuristic computations are reachable in r stages from
a belief that assigns probability 1 to some state. Hence, there are at most O

(
|S|(|A||O|)r−1

)
such

beliefs. Importantly, this upper bound is independent of the horizon. In practice, we model our
heuristic using the general framework introduced in Section 6.3 and compute the heuristic using
terminal rewards. For this reason, we call the heuristics terminal reward heuristics. Empirically,
these heuristics are usually tighter than the POMDP heuristic.

While the overestimation due to revealing a stage can be rather large, it only happens once
per r stages. Moreover, we can ensure that the state information is actually only used from stage
r + 1 onwards, to make the heuristic tighter. Finally, as a new insight in this thesis (compared
to Koops et al. [2024]), we present aperiodic terminal reward heuristics, where there is a choice
between revealing state r− 1 or state r. This allows the heuristic to reveal the less valuable state
information by taking the minimum over the two options.

9.1.1 Terminal Reward Heuristics

In our terminal reward heuristics, we allow policies to depend on the rth state from some stage r
onwards. We can then split the original problem with horizon h as a Dec-POMDP with horizon
r < h and a terminal reward representing the remaining h−r stages. This is illustrated in Figure 12
(on the next page) on the left. The terminal reward is a Dec-POMDP value, with horizon h − r
and the revealed state as initial belief. This is similar to Eq. (8.1), but using Dec-POMDP values
instead of MDP values. Since we reveal the state, the agents can use more information to decide
which actions they take. This therefore gives an upper bound.

To formalize revealing the rth state using our framework from Section 6.3, define the informa-
tion function TR′

r by TR′
r(i, τ , s) = τi if (τ , s) ∈ Ov×Sv+1 with v < r, while TR′

r(i, τ , s) = (τi, s
r)

if (τ , s) ∈ Ov × Sv+1 with v ≥ r. Then we can write this heuristic as QTR′
r
. In particular, the

heuristic is admissible and consistent. We use the prime in TR′
r as we refine this heuristic later.

Note that rather than revealing only the rth state, we can equivalently reveal both the rth state
and the first r joint observations, since these joint observations give no further information when
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Figure 12: Revealing the state for a joint belief b at stage r over three states s1, s2, s3. On the left the
state is revealed at stage r, on the right it is revealed at stage r + 1. In the latter case, the three policies
are forced to take same action in stage 0 from belief b.

already having state information. Similarly to the recursive heuristics, the problem therefore
decomposes into independent subproblems after stage r, although the optimal values of these
subproblems are terminal rewards for this heuristic.

In practice, however, we do not use the optimal values of these subproblems, but values com-
puted using an early terminated A∗ search for the subproblem, as in Section 7.2. We formalize
this computation using terminal rewards for the tighter version of the heuristic.

Revealing the state at stage r+1. We now explain how to compute a tighter variant of this
heuristic, where we allow policies to depend on the rth joint belief from stage r onwards and on
the rth state from stage r + 1 onwards. This is illustrated in Figure 12 on the right.

We now discuss how to compute this heuristic. We consider this problem as a Dec-POMDP
with horizon r and a terminal reward depending on the joint belief. Since we reveal the joint
belief b in stage r, we can compute each of these terminal rewards separately. We compute for
each state s and each joint action a, a heuristic Q(s, h−r,a) for the Dec-POMDP with horizon
h− r where the initial state is s and the agents take action a in stage 0. To define this heuristic,
let φ′

s,h−r,a denote the partial policy of horizon h− r corresponding to the initial belief assigning
probability 1 to state s, where it is already fixed that the agents take action a in stage 0.

Definition 9.1 (Terminal reward heuristic). Let r ≥ 1 be given and let φ be a policy with horizon h
and σ(φ) < r. Let M ≥ 1 and d ≥ 1 be given. We define the terminal reward heuristic QTR,r

recursively over the horizon h of φ. If h ≤ r, then we define QTR,r(φ) = QM,d(φ). If h > r, we
consider the given Dec-POMDP with horizon r and a terminal reward RT : ∆(S) → R, awarded
based on the final joint belief after r stages. The terminal reward is defined by

RT (b) = max
a∈A

∑
s∈S

b(s) ·Q(s, h−r,a), (9.1)

where Q(s, h−r,a) = QTR,r(φ
′
s,h−r,a). The awarded terminal reward is then

∑
τ∈Or Pr(τ )RT (bτ ).

Finally, we define the terminal reward heuristic QTR,r(φ) as the heuristic QM,d

(
φ|≤r

)
correspond-

ing to this Dec-POMDP with horizon r and terminal rewards.

Note that taking the maximum over the actions outside of the weighted sum in Equation (9.1)
ensures that the same action is taken in stage 0, i.e. that the state information is not used in
stage 0 (which is stage r of the original Dec-POMDP). Next, we show that QTR,r is admissible.

Theorem 9.1. QTR,r is admissible.

Proof. We use induction on the horizon h of φ. If h ≤ r, then QTR,r(φ) = QM,d(φ), so the
admissibility of QTR,r follows from the admissibility of QM,d (Theorem 7.2).

We now first argue that the tighter heuristic where we would use the precise optimal values
for the heuristic Q(s, h−r,a) in Equation (9.1) and compute the optimal value of Dec-POMDP
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Figure 13: In the aperiodic terminal reward heuristic, we consider two options for the belief b′: either we
reveal the rth joint belief (b1, b2 or b3) from stage r onwards and the rth state from stage r+ 1 onwards,
or we reveal the (r−1)th state from stage r onwards.

with horizon r and terminal rewards, is admissible. Namely, we can formalize this heuristic using
our framework from Section 6.3. Define the information function TRr by

TRr(i,o
[1,v], s) =


o
[1,v]
i if v < r,

o[1,v] if v = r,

(o
[1,v]
i ,o

[1,r]
̸=i , sr) if v > r.

Then we can write this heuristic as QTRr
, which is hence admissible. Note that we include o

[1,r]
̸=i

for v > r in the information function to ensure that the agent in particular knows o[1,r], which
was the information used by agent i to decide on the action in stage r.

In QTR,r, we instead use heuristics for the optimal values for Q(s, h−r,a). These heuristics are
upper bounds since QTR,r is admissible for horizon h− r by the induction hypothesis. In addition,
use a heuristic for the optimal value of Dec-POMDP with horizon r and terminal rewards. This
is also an upper bound since QM,d is admissible. Hence, QTR,r is an upper bound for QTRr

. Since
QTRr

is admissible, we conclude that QTR,r is also admissible.

In practice, since computing Q(s, h−r,a) = QTR,r(φ
′
s,h−r,a) is relatively expensive, we first

compute the MDP heuristic Q′
MDP(s, h−r,a) for the Dec-POMDP with horizon h − r, and only

compute Q(s, h−r,a) for the actions a ∈ A which based on the MDP values can possibly attain
the maximum in Equation (9.1). This does not affect the value of the heuristic.

Finally, since we compute the terminal reward heuristicQTR,r only for policies φ with σ(φ) < r,
the number of policies for which a heuristic is computed only depends on the full horizon h through
the horizon of φ. In particular, the number of policies for which a heuristic is computed is bounded

by O
(
|A∗|n|O∗|rh

)
, which is linear in h. In practice, however, not all O

(
|A∗|n|O∗|r

)
heuristics per

horizon are computed. Since for larger horizons a larger fraction of these policies is computed,
running times scale in practice (slightly) worse than linearly in h.

9.1.2 Aperiodic Terminal Reward Heuristics

We now turn to aperiodic terminal reward heuristics, which are a further tightening of the terminal
reward heuristics. Rather than having a fixed period r with which states are revealed, the aperiodic
terminal reward heuristic reveals the state after r − 1 or r stages, depending on which yields the
tightest heuristic. Moreover, this choice can be made independently for each joint observation
history at stage r − 1. We illustrate this in Figure 13. The aperiodic terminal reward heuristic
can in particular be significantly tighter than the terminal reward heuristic if state information is
not equally valuable at every stage of the problem.

We compute the aperiodic terminal reward heuristic using a Dec-POMDP with horizon r and
a terminal reward. However, we only use the first r−1 stages in the usual way, while we integrate
the last stage with the terminal reward, which we compute at stage r − 1. This terminal reward
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depends on both the joint belief bτ ∈ ∆(S) and the action a ∈ A that a fully specified policy π
(with horizon r) specifies for τ ∈ Or−1. For each joint observation history τ ∈ Or−1, we compute
two values. Firstly, we compute a value R0

T (b,a) corresponding to revealing the rth state: a
reward R(b,a) for stage r plus a terminal reward for the remaining h− r stages, where we reveal
the rth joint belief from stage r onwards and the rth state from stage r + 1 onwards. Secondly,
we compute a value R−1

T (b,a) corresponding to revealing the (r−1)th state: a terminal reward for
the remaining h− r+1 stages, where we reveal the (r−1)th state from stage r onwards. Since we
use the action a specified by a decentralized, fully specified policy π (with horizon r), we do not
reveal extra information in stage r−1 in this case.

We now provide the definition of the aperiodic terminal reward heuristic.

Definition 9.2 (Aperiodic terminal reward heuristic). Let r ≥ 2 be given and let φ be a policy with
horizon h and σ(φ) < r. Let M ≥ 1 and d ≥ 1 be given. We define the aperiodic terminal reward
heuristic QATR,r recursively over the horizon h. If h ≤ r, then QATR,r(φ) = QM,d(φ). If h > r,
we consider the given Dec-POMDP with horizon r and a terminal reward RT : ∆(S) ×A → R,
awarded based on the joint belief after r − 1 stages and an action specified by a joint policy π
(which has horizon r). This terminal reward is defined by

R0
T (b,a) = R(b,a) +

∑
o∈O

[
O(o | b,a) max

a′∈A

∑
s∈S

ba,o(s) ·Q(s, h−r,a′)

]
R−1

T (b,a) =
∑
s∈S

b(s) ·Q(s, h−r+1,a)

RT (b,a) = min
{
R−1

T (b,a), R0
T (b,a)

}
,

where Q(s, t,a) = QATR,r(φ
′
s,t,a). The awarded terminal reward is then∑

τ∈Or−1

Pr(τ )RT (bτ ,π(τ )),

where π(τ ) = ⟨π1(τ1), . . . , πn(τn)⟩. Finally, we define QATR,r(φ) as the heuristic QM,d

(
φ|≤r

)
corresponding to this Dec-POMDP with horizon r and terminal rewards.

Next, we argue that QATR,r is admissible. The intuition is again that for any Dec-POMDP
policy π, we can define corresponding policies for recursively defined heuristics that yield the same
heuristic value as the policy value of π. This holds since at any point in the heuristic computations,
agents at least have access to their own local observation history.

Theorem 9.2. QATR,r is admissible.

Proof (sketch). We use induction on the horizon h of φ. If h ≤ r, then QATR,r(φ) = QM,d(φ), so
the admissibility of QATR,r follows from the admissibility of QM,d (Theorem 7.2).

Similarly to the proof of Theorem 9.1, we first consider a tighter heuristic where we calculate the
optimal values of the horizon r Dec-POMDP with terminal rewards and any Dec-POMDP values
used in the terminal rewards. Then we can again formalize this heuristic using a generalization of
our framework from Section 6.3, where we allow the set of constraints to depend on the policy. For
a given policy π up to stage r, we first define a selector S : O≥r−1 → {0,−1}. If τ ∈ Or−1, then
we define S(τ ) = 0 if R0

T (bτ ,π(τ )) < R−1
T (bτ ,π(τ )), and S(τ ) = −1 otherwise. In the selector,

we use the actual heuristic values for R0
T and R−1

T , computed recursively using early termination.
For v ≥ r, we ignore the extra observations, i.e. we define S(o[1,v]) = S(o[1,r−1]). Then we define
the information function ATRr by

ATRr(i,o
[1,v], s) =


o
[1,v]
i if v < r,

o[1,v] if v = r and S(τ ) = 0,

(o
[1,v]
i ,o

[1,r]
̸=i , sr) if v > r and S(τ ) = 0,

(o
[1,v]
i , sr−1) if v ≥ r and S(τ ) = −1.
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Then the corresponding heuristic QATRr
is admissible.

Similarly to the proof of Theorem 9.1, we can now argue that the actual heuristic QATR,r is an
upper bound for QATRr , and hence also admissible.

We have QATR,r(φ) ≤ QTR,r(φ), since we recover the terminal reward heuristic if we set
RT (b,a) = R0

T (b,a) instead of taking the minimum with R−1
T (b,a).

9.2 Horizon Reduction

TR-MAA∗ also applies a horizon reduction as explained in Section 8.3. For TR-MAA∗, the
terminal reward is a heuristic computed as explained in Section 9.1. If h > r, we also apply the
horizon reduction to compute a heuristic for the root node. We note that for TR-MAA∗, it would
be possible to start in horizon reduction mode. Then TR-MAA∗ terminates with a policy for a
horizon r Dec-POMDP with terminal rewards, and the corresponding policy value is an upper
bound. Initial experiments indicate that this is typically faster, but gives worse bounds.

TR-MAA∗

policy-finding

h = 100

TR-MAA∗

hor. reduction

h = 99

TR-MAA∗

heuristic

h = 5

TR-MAA∗

hor. reduction

h = 94

TR-MAA∗

heuristic

h = 5

TR-MAA∗

hor. reduction

h = 89

TR-MAA∗

heuristic

h = 5

...

Figure 14: Schematic call graph for TR-MAA∗, for r = 5. A dotted line indicates that a result is provided.
The call graph continues further to the right with h = 84, h = 79, etc.

Call graph for TR-MAA∗. Figure 14 shows a schematic call graph for TR-MAA∗ (for r = 5).
Initially, we have d = 1 and call TR-MAA∗ in horizon reduction mode with horizon 99. Then
the horizon is reduced to 5, and the corresponding call to TR-MAA∗ in heuristic mode uses the
terminal rewards, for which it makes calls to TR-MAA∗ with horizon 94. This again makes a
horizon reduction, and the corresponding call to TR-MAA∗ in heuristic mode with horizon 5 uses
terminal rewards with horizon 89, which in turn uses terminal rewards with horizon 84, etc., until
we reach horizon 4 for which we directly compute a heuristic. As for PF-MAA∗, the figure only
shows the case where d = 1, while d can increase during the execution of the algorithm.
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10 Empirical Evaluation

We now turn to the empirical evaluation of the algorithms. In Section 10.1, we present the
setup and the benchmarks used. Section 10.2 shows the performance of small-step MAA∗ with a
precomputed heuristic in comparison to the state-of-the-art exact solver GMAA∗-ICE [Oliehoek et
al., 2013] with the same precomputed heuristics. Section 10.3 provides an evaluation for RS-MAA∗,
showing the efficacy of recursive heuristics. Finally, in Section 10.4 and 10.5 we compare PF-
MAA∗ and TR-MAA∗ to the state-of-the-art ϵ-optimal solver FB-HSVI [Dibangoye et al., 2014a;
Dibangoye et al., 2016] (for ϵ = 0.01) and the state-of-the-art approximate solver, which is the
genetic algorithm GA-FSC [Eker and Akin, 2013].

10.1 Setup and Benchmarks

Setup. We implemented our algorithms RS-MAA∗, PF-MAA∗ and TR-MAA∗ in a common
code base in Python 3 that does not have any dependencies.8 We execute it using PyPy. All
experiments were run on a 3.7GHz Intel Core i9 CPU running Ubuntu 22.04.1 LTS. We limited
each process to 16GB of memory and 1800 seconds of CPU time (unless mentioned otherwise).

Benchmarks. We used the standard benchmarks from the literature: DecTiger [Nair et al.,
2003], FireFight [Oliehoek et al., 2008b] (3 fire levels, 3 or 4 houses), Grid with two observa-
tions [Amato et al., 2006], BoxPushing [Seuken and Zilberstein, 2007a], Grid3x3 [Amato et al.,
2009], Mars [Amato and Zilberstein, 2009], Hotel [Spaan and Melo, 2008], Recycling [Amato
et al., 2007], and Broadcast [Hansen et al., 2004]. We provide some statistics about the sizes
and properties of these benchmarks in Table 1.

benchmark |S| |A∗| |O∗| TI OI Dec-MDP
DecTiger 2 3 2 ✗ ✗ ✗

FireFight (nh = 3) 432 3 2 ✗ ✗ ✗
FireFight (nh = 4) 2025 4 2 ✗ ✗ ✗

Grid 16 5 2 ✓ ✓ ✗
BoxPushing 100 4 5 ✗ ✗ ✗

Grid3x3 81 5 9 ✓ ✓ ✓
Mars 256 6 8 ✗ ✗ ✗
Hotel 16 3 4 ✓ ✓ ✓

Recycling 4 3 2 ✓ ✓ ✓
Broadcast 4 2 2 ✓ ✗ ✗

Table 1: Properties of the used benchmarks: the number of states |S|, the number of local actions |A∗| of
each agent, the number of local observations |O∗| of each agent, and whether the benchmark is transition-
independent (TI), observation-independent (OI), or a Dec-MDP. All problems have 2 agents.

We now provide a description of the benchmarks. For DecTiger, we refer to Example 3.2.
The FireFight problems [Oliehoek et al., 2008b] considers two firefighters that aim to ex-

tinguish fires in a row of nh ∈ {3, 4} houses. Each house has a fire level (0, 1 or 2), where the
lowest fire level 0 corresponds to no fire. In each time step, the fire level of a house may increase
if it is already on fire or if one of its neighbours is on fire. If both firefighters extinguish fires in
the same house, they completely extinguish the fire in that house. On the other hand, if only
one agent extinguishes fire, then the fire level drops by only one level, or remains the same with
some probability if a neighbouring house is burning. The agents receive a noisy observation of the
(new) fire level at the house which they extinguished. In each stage, the cost (negative reward) is
the sum of the fire levels of the houses. When the fires are extinguished completely, they remain
extinguished and the reward is 0 for the remaining stages.

8Source code and scripts to reproduce the results are available at https://zenodo.org/records/13374100.
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The Grid problem [Amato et al., 2006] is a 2 × 2 version of the partially observable grid
problem introduced in Example 3.1. In particular, agents only observe in which of the columns
in the grid they are, and the agents receive a reward if they are in the same cell in the grid. This
problem is TOI (transition- and observation-independent), since each agent only has an influence
on its own position, and only observes its own position.

The BoxPushing problem [Seuken and Zilberstein, 2007a] considers two agents that have to
push boxes one cell upwards. There are small boxes (yielding a reward of 10) and a large box
(yielding a reward of 100), that the agents have to push together. The possible actions of the
agents are: turn left, turn right, move forward, and do nothing. As observation, the agents see
the contents of the cell in front of them: empty cell, wall, other agent, small box, large box.

The Grid3x3 problem [Amato et al., 2009], considers agents in a 3 × 3 grid that want to
meet in the bottom left corner or the top right corner. In contrast to the problem introduced in
Example 3.1, however, the agents fully observe their own position. Like Grid, this problem is
TOI. However, Grid3x3 is also a Dec-MDP, because the agents fully observe their own locations,
and hence jointly observe the full state, which describes both locations.

The Mars problem [Amato and Zilberstein, 2009] considers two mars rovers moving in a 2×2
grid. There are two cells in the grid that need to be sampled by a single agent and two cells that
need to be drilled by both agents simultaneously. Agents observe their own position and whether
their current cell was already sampled or drilled. Mars is not a Dec-MDP, since the last joint
observation does not determine the full state. Nevertheless, the Mars problem does have the
special property that the joint action-observation history determines the full underlying state.

In the Hotel problem [Spaan and Melo, 2008], we consider two travel agents that each can
put customers in their own hotel (which has only one place) or in a common resort. This problem
is TOI (transition- and observation-independent) and a Dec-MDP.

In the Recycling problem [Amato et al., 2007], the agents aim to empty recycling bins
without running out of battery. For each agent, there are two local states, describing whether the
battery level is high or low. The agents can earn reward by emptying small bins or by collaborating
to empty a large bin, but receive a negative reward for running out of battery. This problem is
also TOI (transition- and observation-independent) and a Dec-MDP.

Finally, the Broadcast problem [Hansen et al., 2004] considers two agents that need to pass
messages to each other over a shared channel. Agents have a buffer of messages which can contain
0 or 1 message; if it does not contain a message, then it will contain a message in the next time
step with a 90% probability for agent 1 and a 10% probability for agent 2. If both agents attempt
to send a message, then there is a collision on the channel and neither message is received. The
reward is 1 when successfully transmitting a message and 0 otherwise. The agents receive a noisy
observation regarding whether a collision happened. This problem is transition-independent: for
each agent, there are two local states, describing whether their buffer has 0 or 1 message. However,
the problem is not observation-independent (since the observation depends on the joint action).

10.2 Small-Step MAA∗

To evaluate the efficacy of the small-step search tree in comparison to incremental expansion,
we compare small-step MAA∗ to generalized MAA∗ with incremental clustering and expan-
sion (GMAA∗-ICE). We use the same precomputed heuristic (QMDP, QPOMDP or QBG) for both
algorithms and where both algorithms use lossless clustering [Oliehoek et al., 2009]. Both al-
gorithms use sparse data structures. Hence, besides implementation details, the only difference
between GMAA∗-ICE and small-step MAA∗ is that GMAA∗-ICE uses incremental expansion
while small-step MAA∗ uses the small-step search tree.

For GMAA∗-ICE, we use the C++ implementation in the MADP toolbox [Oliehoek et al.,
2017]. For the BG heuristic, the MADP toolbox offers several representations: a tree-based repre-
sentation, a hybrid representation and a vector-based representation with tree-based incremental
pruning (corresponding to the options QBG, QBGhybrid and QBGTreeIncPrune, respectively). We
tested each option and provide per benchmark the best result.
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Since in this section we primarily want to understand the value of the small-step search tree,
we separate timings for precomputing heuristics and the planning itself. In addition to this, the
timings for the heuristic computations can be used to study the effect of the faster precomputation
of the QBG heuristic introduced in Section 6.1.3.

10.2.1 Results

Table 2 presents the results. In short, small-step MAA∗ is able to compute an optimal solution
for all benchmarks and all horizons where GMAA∗-ICE is able to compute an optimal solution,
using the same heuristic, with a single exception: FireFight with three houses and horizon
h = 5, where small-step MAA∗ goes out of memory when using QMDP while GMAA∗-ICE is able
to compute a solution in 216 seconds. On the other hand, when using QMDP, small-step MAA∗

scales to higher horizons than GMAA∗-ICE for several benchmarks: Grid3x3 (6 rather than 5),
Mars (7 rather than 4), and Hotel (6 rather than 4). On the benchmarks where GMAA∗-ICE
finishes the heuristic computation for QPOMDP and QBG, both GMAA∗-ICE and small-step MAA∗

are able to complete the planning part within the time limit.
However, GMAA∗-ICE is in some cases much faster. For example, for Grid with horizon

h = 4 and the QMDP heuristic, GMAA∗-ICE takes only 5 seconds while our algorithm takes 214
seconds (expanding over 10 million nodes). Similarly, GMAA∗-ICE is almost a factor 5 faster on
DecTiger, Recycling and Broadcast. A possible reason for this is that the Bayesian game
solver used internally in GMAA∗-ICE expands clusters in descending order of probability, while
small-step MAA∗ orders the clusters lexicographically (by the smallest LOH in the cluster). The
reason that small-step MAA∗ uses a fixed, lexicographic ordering of the clusters is that this helps
with heuristic reuse, but this is only relevant when using heuristics that are computed on-the-fly,
rather than heuristics which are precomputed as in this experiment.

Overall, we see that the small-step search tree is competitive with incremental expansion, but
that both methods have strengths and weaknesses.

Heuristic timings. For QMDP, both small-step MAA∗ and GMAA∗-ICE finish the heuristic
computation within 1 second, with the exception of FireFight (nh = 3) for h = 1000, where our
implementation takes 2 seconds. We attribute this difference mainly to the difference in speed of
C++ compared to PyPy.

For QPOMDP, the implementation used by the MADP toolbox explicitly computes and stores
a heuristic for all action-observation histories (other implementations of QPOMDP in the MADP
toolbox gave errors). In contrast, we compute QPOMDP using the belief MDP, and therefore
compute a heuristic value for each belief induced by an action-observation history. Since in
practice many different action-observation histories give rise to the same joint belief, we compute
and store much fewer heuristic values.

For QBG, we really see the effect of the faster precomputation of the QBG heuristic introduced
in Section 6.1.3. In particular, GMAA∗-ICE is not at able to compute QBG for any horizon for
the largest benchmark problems, Grid3x3 and Mars. Indeed, for these benchmarks, the factor
|A∗|n|O∗| in the complexity of the precomputation done by QBG is larger than 1012. In addition,
we see that the speedup generally increases with the size of the local action and observation sets
benchmark: for Broadcast, our computation is a factor 10 faster, for Hotel, our computation
is a factor 80 faster and for BoxPushing our computation is more than 500 times faster.
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QMDP QPOMDP QBG

ICE S-MAA∗ ICE S-MAA∗ ICE S-MAA∗

h value tQ tP tQ tP tQ tP tQ tP tQ tP tQ tP
DecTiger

3 5.190812 <1 <1 <1 <1 <1 <1 <1 <1 <1 <1 <1 <1
4 4.802755 <1 <1 <1 <1 <1 <1 <1 <1 <1 <1 <1 <1
5 7.026451 <1 38 <1 35 2 2 <1 1 <1 <1 <1 <1
6 10.381625 <1 MO <1 MO 80 164 <1 744 <1 15 <1 68

FireFight (nh = 3)

4 −6.578834 <1 3 <1 9 8 <1 <1 <1 15 <1 1 <1
5 −7.069874 <1 216 <1 MO 335 <1 4 26 46 <1 4 25
6 −7.175591 <1 7 <1 34 TO 47 <1 762 <1 59 <1
7 −7.175591 <1 4 <1 8 MO MO MO MO

100 −7.175591 <1 4 <1 4 MO MO MO MO
1000 −7.175591 <1 7 2 4 MO MO MO MO

FireFight (nh = 4)

3 −11.135643 <1 9 <1 2 7 <1 <1 <1 14 <1 <1 <1
4 −14.106819 <1 144 <1 214 606 <1 11 <1 1191 <1 12 <1

Grid

3 1.550444 <1 <1 <1 <1 <1 <1 <1 <1 <1 <1 <1 <1
4 2.241577 <1 5 <1 214 2 <1 <1 <1 19 <1 1 <1
5 2.970496 <1 MO <1 MO MO 2 1 MO 9 <1
6 3.717168 <1 MO <1 MO MO 30 26 MO 124 1

BoxPushing

3 66.081000 <1 <1 <1 <1 <1 <1 <1 <1 279 <1 <1 <1
4 98.593613 <1 127 <1 17 2 130 <1 17 TO 1 10

Grid3x3

3 0.133200 <1 <1 <1 <1 1 <1 <1 <1 MO <1 <1
4 0.432900 <1 <1 <1 <1 MO <1 <1 MO <1 <1
5 0.895656 <1 2 <1 <1 MO <1 <1 MO 2 <1
6 1.492987 <1 MO <1 11 MO <1 11 MO 7 7

Mars

3 9.380000 <1 <1 <1 <1 1 <1 <1 <1 MO <1 <1
4 10.180800 <1 <1 <1 <1 MO <1 <1 MO 1 <1
5 13.266538 <1 MO <1 41 MO <1 40 MO 2 4
6 18.623165 <1 MO <1 13 MO <1 12 MO 4 1
7 20.900724 <1 MO <1 62 MO 1 60 MO 6 4

Hotel

4 22.187500 <1 15 <1 3 <1 15 <1 3 <1 <1 <1 <1
5 27.187500 <1 MO <1 109 MO <1 111 <1 <1 <1 <1
6 32.187500 <1 MO <1 1055 MO <1 1057 5 <1 <1 <1
7 37.187500 <1 MO <1 MO MO <1 MO 6 <1 <1 <1

100 502.187500 <1 MO <1 MO MO <1 MO 72 <1 1 <1
1000 5002.187500 <1 MO <1 MO MO <1 MO 403 2 5 1

Recycling

10 31.863889 <1 <1 <1 1 MO <1 1 <1 <1 <1 <1
20 62.633136 <1 41 <1 46 MO <1 46 <1 <1 <1 <1
70 216.479290 <1 MO <1 MO MO <1 MO <1 11 <1 36
80 247.248521 <1 MO <1 MO MO <1 MO <1 63 <1 287

Broadcast

10 9.290000 <1 <1 <1 <1 MO <1 <1 <1 <1 <1 <1
50 45.501604 <1 8 <1 7 MO <1 <1 8 <1 1 <1
60 54.570564 <1 79 <1 69 MO <1 <1 11 <1 1 <1
70 63.611284 <1 MO <1 MO MO <1 <1 17 <1 1 <1

500 452.738119 <1 MO <1 MO MO 4 19 426 1 43 17
900 814.709393 <1 MO <1 MO MO 8 15 881 6 88 15

Table 2: Results and running times (seconds) for GMAA∗-ICE (ICE) in comparison to small-step MAA∗

(S-MAA∗). TO and MO denote timeout (>1800s) and memout (>16GB). tQ and tP denote the times for
heuristic precomputations and planning, respectively.
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10.3 Recursive Small-Step Multi-Agent A∗ (RS-MAA∗)

Next, we evaluate our exact algorithm RS-MAA∗. We compare the performance different recursive
heuristics to the performance of GMAA∗-ICE and the performance of small-step MAA∗ with
precomputed heuristics, as shown in the previous section.

10.3.1 Hyperparameters

We evaluate RS-MAA∗ on five different recursive heuristics QM,d, to show the behaviour of the
different recursive heuristics. We now discuss the selection of the hyperparameters M , d and α.

Hyperparameters. The most important parameter is the depth d of the recursive heuristic.
Lower values of d give tighter heuristics but are more expensive to compute. Setting the number
of iterations M too low leads to an overly loose heuristic. However, setting M high leads to
generally higher computation times. Due to the recursive nature of the algorithm, however,
the time can scale as badly as O(Mh). Typically, the computational effort is much less, in
particular due to heuristic reuse and the fact that recursive heuristics at later stages are easier to
compute. Furthermore, some heuristics already find a complete policy before M iterations and
most heuristics do not nest h layers deep (except if d = 1). The effect of the threshold α used
in dynamic termination of heuristic computations is similar to the effect of M , but harder to
quantify. In particular, higher values of α yield tighter heuristics and are harder to compute.

Hyperparameter selection. For most problems, Q1 and Q2 are too expensive to compute,
but Q3 is a good compromise. For easier problems, Q∞ also works well.

In a preliminary evaluation for d = 3 using M ∈ {100, 200, 400} and α ∈ {0.1, 0.2}, we
observed that M = 100 sometimes expands much more nodes than M = 200, but increasing M to
400 did not reduce the number of nodes (significantly) compared to M = 200, and hence typically
increased running times. Hence, we set M = 200 for d = 3 (and d = 2, shown for comparison).
The threshold α had a small effect, so we conservatively set it to 0.2.

For easier problems where Q∞ works well, we observed that even smaller values of M such
as M = 25, which empirically often gives tighter bounds than QBG, works well. For comparison,
we also show the cheapest recursive heuristic Q1,∞, which is equal to the precomputed heuristic
QPOMDP by Theorem 7.3.

10.3.2 Results

Table 3 and Table 4 shows the results for RS-MAA∗. We first compare the results to the results
from GMAA∗-ICE and small-step MAA∗ (from Table 2). Next, we compare results for different
recursive heuristics and discuss the characteristics of the benchmarks leading to the results.

RS-MAA∗ vs. other exact solvers. With the exception of FireFight with three houses,
recursive heuristics are able to scale at least as far as precomputed heuristics. Moreover, on
DecTiger, FireFight with four houses, BoxPushing, Mars, Recycling and Broadcast,
we are able to scale further than both GMAA∗-ICE and small-step MAA∗ with a precomputed
heuristic. FireFight’s structure makes h = 5 expensive (no potential for clustering). The
recursive nature of RS-MAA∗ suffers from this when computing values for h ≥ 6.

On DecTiger, we scale to horizon 12 rather than horizon 6. For this, the tightness of the
heuristic is essential. The QBG heuristic reveals too much information which leads to unrealistically
high heuristic values. On Q3, however, only information from the first two stages is shared, which
under an optimal policy becomes irrelevant in later stages. This leads to a very tight heuristic in
the later stages.

On Recycling, we scale to horizon 1500 rather than 80. For Recycling, heuristics need
to be tighter for larger horizons. For example, we see that the Q25,∞ heuristic scales to horizon
350, while the tighter Q200,∞ heuristic scales to horizon 1500. Nevertheless, the Q25,∞ heuristic
is already tighter than the QBG heuristic.
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QPOMDP vs. Q1,∞. Recall from Theorem 7.3 that the POMDP heuristic QPOMDP and the heuris-
tic Q1,∞ are equal to each other. When comparing results for QPOMDP (from Table 2) and Q1,∞,
we see that using the recursive heuristic Q1,∞ is typically between 10% and 50% slower than using
the precomputed heuristics. We attribute this increase to the overhead incurred for working with
the recursive heuristics. On the other hand, using Q1,∞ makes it possible to compute an exact
result for FireFight with four houses with h = 5, whereas a memory limit was reached during
the precomputation of QPOMDP.

Q3 vs. Q2. The increased tightness of the tighter recursive heuristicsQd leads to better scalability
on DecTiger, Mars and BoxPushing. On DecTiger and Mars, Q3 is sufficiently tight and
using the Q2 heuristic leads to (much) larger running times since it takes longer to compute deeper
heuristics. On the other hand, for BoxPushing the tighter heuristic Q2 performs much better.

High horizons. For Recycling and Hotel, we scale up to horizon 1500 and horizon 2000,
respectively. The main reason for this is that Recycling and Hotel are TOI-Dec-MDPs. As
a result, the number of clusters (per agent and per stage) is limited to 2 for Recycling and
to 4 for Hotel. On the other hand, Grid3x3 is also a TOI-Dec-MDP, but we do not scale
well on Grid3x3. The reason for this is that the search space is still large with 9 possible local
observations for each agent.

For Broadcast, we scale up to horizon 1500. In this case, the main reason for this is that for
the optimal policy found by the solver, the agents never both send a message and hence there never
is a collision, so the observations are not informative. Moreover, the QPOMDP heuristic is tight for
the optimal policy, since the Dec-POMDP policy is in fact also optimal for the underlying POMDP.

Regret computations. Finally, we discuss some additional experiments where we enable regret
computations as discusses in Section 5.6.2. For most benchmarks, the regret computations do not
have an effect on the number of nodes expanded, but do increase the running time by up to 40%.
However, for BoxPushing, the regret computations do have a substantial effect. When using the
Q200,3 heuristic, the running time for h = 4 decreases from 11 seconds to 1 seconds when enabling
regret computations. Moreover, the number of nodes expanded by the main A∗ search decreases
from 682 683 to 184. Moreover, h = 5 becomes solvable with Q3 in 38 seconds (expanding around
2 million nodes). The reason for the difference for BoxPushing is that agents can earn a reward
without cooperating with the other agent by pushing a small box. If it is possible to push a small
box to the goal in the last stage, then this action clearly dominates the other actions. In contrast,
for other problems the best action often strongly depends on what the other agent does, and hence
no actions are shown to be dominated using the regret computations.
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h value Q1,∞ Q25,∞ Q200,∞ Q200,3 Q200,2

DecTiger
5 7.026451 1 <1 <1 <1 <1
6 10.381625 853 26 20 <1 1
7 9.993568 MO MO MO 2 5
8 12.217263 MO MO MO 2 12
9 15.572437 MO MO MO 8 34

10 15.184380 MO MO MO 516 TO
11 17.408076 MO MO MO 202 TO
12 20.763250 MO MO MO 659 TO

FireFight (nh = 3)
3 −5.736969 <1 1 <1 <1 1
4 −6.578834 1 2 2 2 2
5 −7.069874 36 38 34 9 11
6 −7.175591 72 96 84 85 98
7 −7.175591 MO MO MO MO MO

FireFight (nh = 4)
3 −11.135643 1 1 1 1 1
4 −14.106819 16 18 15 15 18
5 −16.835395 650 602 613 MO MO

Grid
3 1.550444 1 1 1 1 1
4 2.241577 1 2 2 2 2
5 2.970496 5 10 9 9 10
6 3.717168 83 109 103 106 111

BoxPushing
3 66.081000 <1 <1 <1 <1 <1
4 98.593613 19 12 11 11 3
5 107.729851 MO MO TO TO 6

Grid3x3
3 0.133200 <1 <1 <1 <1 <1
4 0.432900 <1 1 1 1 1
5 0.895656 1 2 2 2 2
6 1.492987 13 13 10 10 25

Mars
3 9.380000 <1 <1 <1 <1 <1
4 10.180800 1 1 1 1 1
5 13.266538 44 2 2 2 2
6 18.623165 15 4 4 4 24
7 20.900724 70 8 9 18 14
8 22.478798 MO MO MO 33 245
9 24.320398 MO MO MO 122 1778

Table 3: Results and running times for RS-MAA∗ for five different heuristics QM,d, on a range of standard
benchmarks. TO and MO denote timeout (>1800s) and memout (>16GB).
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h value Q1,∞ Q25,∞ Q200,∞ Q200,3 Q200,2

Hotel
3 16.875000 <1 <1 <1 <1 <1
4 22.187500 3 <1 <1 <1 <1
5 27.187500 119 <1 <1 <1 <1
6 32.187500 1128 1 1 1 1
7 37.187500 MO 1 1 1 2

10 52.187500 MO 1 2 3 3
50 252.187500 MO 2 9 49 83
60 302.187500 MO 2 11 61 478
70 352.187500 MO 2 14 76 TO
100 502.187500 MO 3 21 118 TO
500 2502.187500 MO 13 121 706 TO

1000 5002.187500 MO 27 259 1528 TO
1500 7502.187500 MO 41 409 TO TO
2000 10002.187500 MO 56 552 TO TO

Recycling
10 31.863889 1 <1 <1 1 2
15 47.248521 2 1 1 2 3
20 62.633136 53 1 1 3 7
25 78.017751 MO 1 1 6 12
50 154.940828 MO 1 2 43 85
100 308.786982 MO 1 4 242 456
250 770.325444 MO 4 11 945 1735
350 1078.017751 MO 33 16 1450 TO
400 1231.863905 MO MO 18 1694 TO
500 1539.556213 MO MO 23 TO TO

1000 3078.017751 MO MO 48 TO TO
1500 4616.479290 MO MO 112 TO TO

Broadcast
10 9.290000 <1 <1 <1 <1 <1
50 45.501604 1 4 5 5 6
100 90.760423 2 14 42 42 48
250 226.500545 9 103 715 730 821
300 271.751958 12 146 1142 1160 1341
350 316.999551 16 191 1662 1673 TO
500 452.738119 40 330 TO TO TO
800 724.214207 MO 674 TO TO TO
900 814.709393 101 821 TO TO TO

1000 905.200368 MO 958 TO TO TO
1500 1357.663165 MO 1649 TO TO TO

Table 4: Results and running times for RS-MAA∗ for five different heuristics QM,d, on a range of standard
benchmarks. TO and MO denote timeout (>1800s) and memout (>16GB).
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10.4 Policy-Finding Multi-Agent A∗ (PF-MAA∗)

Next, we turn to empirical results for our policy-finding algorithm PF-MAA∗.

10.4.1 Setup and Hyperparameters

Setup. We ran PF-MAA∗ for six configurations: three configurations aimed at finding policies
fast and limited to 60 seconds of CPU time each, and three configurations aimed at finding high-
quality policies limited to 600 seconds.

comparison fast results high-quality results
heur. k L heur. k L heur. k L
QMDP 2 1000 QMDP,1 1 20 QMDP,2 2 1000
QMDP 3 10 000 QMDP,1 2 100 QMDP,2 3 10 000

QMDP,1 3 100 Qmaxr,3 3 10 000

Table 5: Hyperparameters for PF-MAA∗.

Hyperparameters. Next, we discuss the hyperparameter selection. We report the configura-
tions that we used in Table 5. For PF-MAA∗, the main hyperparameters are the window size k for
the sliding-window policies (Section 4.4 and 4.5), whether to use the maximum reward heuristic
Qmaxr,r or the terminal reward MDP heuristic QMDP,r (Section 8.2), the depth r of the heuristic,
and the iteration limit L per stage (Section 8.1). Initial experiments indicated that k = 1 is
too small for most benchmarks, whereas for k = 4, the search space becomes too large, which
generally led to worse results than using k = 3. We also found that r = 1 clearly guides the search
worse than larger r, whereas r ≥ 4 is too expensive (since it needs to be computed for all h · L
policies). This yielded eight different configurations: Using the heuristics Qmaxr,r and QMDP,r with
k ∈ {2, 3} and r ∈ {2, 3}. Based on our tests, we selected three configurations for the quality
runs with a 600 second time limit: (k = 2, QMDP,2), (k = 3, QMDP,2), and (k = 3, Qmaxr,3). For
k = 2 we use L = 1000, while for k = 3 we use L = 10 000. Increasing L yields higher running
times, and typically also better results. However, for the smaller search space for k = 2, using
L = 1000 is usually sufficient. For the fast runs with a time limit of 60 seconds, we selected the
cheapest heuristic QMDP,1 and chose L small, but still large enough to amply satisfy the constraint
L ≥ n|Ci,t| from Corollary 8.1 (with the exception of Mars for k = 3). In each case, the Q200,3

heuristic is used to solve the Dec-POMDPs.

10.4.2 Results

In Table 6, we first give the results for the baselines FB-HSVI and GA-FSC. The next three columns
give results for PF-MAA∗, using either the QMDP heuristic (as comparison), all fast configurations,
or all high-quality configurations. For reference, we also give the value for the random policy (i.e.
the policy that uniformly randomizes over all actions) and the best-known upper bound (from the
literature, RS-MAA∗ or TR-MAA∗). We now discuss the results. In Appendix B, we provide
further results and results split out per configuration.

State-of-the-art policies. Using PF-MAA∗, we compute policies comparable with or better
than the state-of-the-art for most benchmarks. In particular, for BoxPushing, we provide the
best known policies for h ≥ 10. Although the improvement over GA-FSC in absolute sense is not
large, the upper bound shows that our improvement is a significant step towards optimality. On
DecTiger, we find better solutions (with k = 3) than FB-HSVI and GA-FSC. It is known that
with k = 4, better policies exist for e.g. h = 50. However, the policy space with k = 4 is so large
that PF-MAA∗ does not find the (almost) optimal policies in that space.

Fast versus high-quality configurations. Even the fast configuration typically yields policies
that are reasonably close to the best-known policy. Nevertheless, the high-quality configuration
is always able to find (slightly) better policies.
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Novel heuristics outperform QMDP. Our algorithm PF-MAA∗ consistently finds better poli-
cies using the novel heuristics Qmaxr,r and QMDP,r from Section 8.2 than using QMDP (for the same
number of iterations L; see Table 5). We note that QMDP is the only heuristic in the literature
that scales up to high horizons on all benchmarks.

Challenges for PF-MAA∗. On Grid, the best policies for large horizons require actions that
are sub-optimal in the short run, and are hence hard to find using PF-MAA∗. On Mars, FB-HSVI
yields better results than PF-MAA∗. We conjecture that this is due to the larger search space
for Mars. To reduce the search space, we used probability-based clustering with pmax = 0.2; this
improves the values to 125.84 and 243.02 for h = 50 and h = 100 respectively.

QMDP,r vs. Qmaxr,r. In Appendix B, we provide results split out per configuration. Here we
summarize an important finding. The terminal reward MDP heuristic QMDP,2 works well on
all benchmarks except DecTiger for k = 3. On the other hand, Qmaxr,3 works very well for
DecTiger and BoxPushing, but poorly on other benchmarks. This is primarily due to the
increase to r = 3: Qmaxr,2 performs poorly on these benchmarks. However, for DecTiger and
BoxPushingQmaxr,3 also yields (slightly) better policies thanQMDP,3, besides being more scalable.

h FB-HSVI GA-FSC PF-MAA∗ random upper

QMDP fast quality

DecTiger

20 28.75 28.01 27.14 29.12 −924.4 38.28
50 80.66 79.92 79.05 81.03 −2311.1 101.32

100 170.90 169.30 169.30 169.30 170.91 −4622.2 206.44

FireFight (nh = 4)

5 −17.05 −17.08 −16.85 −20.6 −16.84
6 −19.55 −19.50 −19.09 −24.7 −19.04

10 −23.93 −22.93 −22.99 −41.4 −22.81
20 −26.97 −24.82 MO −82.7 −23.64
50 −28.35 −25.09 MO −202.2 −20.65

Grid

7 4.47 4.44 4.41 4.47 1.4 4.47
10 6.69 6.68 6.82 2.2 7.17
20 14.23 14.36 14.81 4.7 17.03
50 40.49 36.86 37.46 MO 12.2 47.26

BoxPushing

10 223.74 216.98 220.35 221.12 224.28 −8.3 224.51
20 458.10 468.15 402.46 466.34 474.97 −20.5 476.21
50 1134.70 1201.05 949.75 1207.67 1209.80 −57.9 1211.96

100 2420.26 1864.49 2431.40 2433.51 −120.5 2437.45

Grid3x3

7 2.19 2.192 2.174 2.192 0.1 2.192
10 4.68 4.675 4.671 4.685 0.1 4.695
20 14.35 14.350 14.337 14.366 0.4 14.393
50 44.32 44.335 44.322 44.352 1.1 44.379

Mars

10 26.31 24.63 24.44 26.31 −13.6 26.32
20 52.13 46.09 49.08 49.37 −25.6 52.71
50 128.95 116.73 117.03 122.56 −62.0 132.41

100 249.92 221.70 221.75 234.07 −122.7 264.85

Table 6: Lower bounds, i.e. the value of the policies obtained with different policy-finding algorithms.
MO denotes memout (>16GB), blanks denote results that are not available in the literature.
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10.5 Terminal Reward Multi-Agent A∗ (TR-MAA∗)

Finally, we turn to our upper bound algorithm TR-MAA∗. We ran TR-MAA∗ with a limit of 120
seconds and a limit of 1800 seconds, respectively.

10.5.1 Hyperparameters

For TR-MAA∗, the main parameter is the depth r and the heuristic Qd′ chosen for solving the
horizon-r Dec-POMDPs. Higher values of r and lower values of d′ lead to tighter, more expensive
heuristics. For small horizons, it can be better to choose a slightly cheaper heuristic that allows for
more exploration in the search tree and hence better bounds for the reward in the initial stages.
For larger horizons (e.g. 50), it appears in general to be best to choose r as large as possible, while
still ensuring that the heuristic for the root of the tree can be computed within the time limit.

We selected r = 4 with the Q3 heuristic. Like in RS-MAA∗, Q1 and Q2 are too expensive and
therefore require lower values of r. For the fast results, we selected r = 2.

10.5.2 Results

In Table 7, we give FB-HSVI’s result (if ϵ-optimal) and results for RS-MAA∗ and TR-MAA∗ for
time limits of 120s and 1800s, respectively. Finally, we give the best-known lower bound (from a
known policy) and the MDP value, which is a trivial upper bound. We now discuss the results.

A scalable upper bound. On all benchmarks, we provide an upper bound for horizons up
to 50 which is better than QMDP. This is an improvement over RS-MAA∗, which only reaches
horizon 10 on BoxPushing, horizon 6 on Grid and horizon 5 on FireFight with four houses.
For larger horizons, RS-MAA∗ cannot even compute the cheapest recursive heuristic, Q1,∞, within
the memory limit. On BoxPushing, the bound is also tight. It is at least 40 times closer to the
optimum than the MDP value.

For Grid, heuristic reuse is very hard. For Grid, relatively few action-observation histories
lead to the same belief. As a result, RS-MAA∗ reaches the memory limit for h ≥ 7, and also TR-
MAA∗ reaches the memory limit for the more expensive r = 4 and higher horizons.

Revealing the state is too optimistic. When RS-MAA∗ can compute an upper bound, TR-
MAA∗ generally gives worse upper bounds than RS-MAA∗ with a cheap heuristic. An exception
is Mars, where revealing the joint observation history allows for computing the state and is hence
just as ‘bad’ as revealing the state. For h = 50 and h = 100, TR-MAA∗ is hence able to compute
tighter upper bounds (using r = 4) than RS-MAA∗.

Exact solving. In some cases, the heuristic used by TR-MAA∗ is sufficiently tight that the
algorithm is able to find an optimal policy within the time limit. In particular, TR-MAA∗ is the
first solver to compute the exact value for Grid h = 7, namely 4.4739533, and for FireFight
with four houses h = 6, namely −19.0385409. In addition, TR-MAA∗ can also compute the
optimal value for Grid3x3 h = 7, namely 2.1923737. However, this result can also be achieved
by RS-MAA∗ when providing a near-optimal solution.
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h FB-HSVI RS-MAA∗ TR-MAA∗ lower MDP

fast quality fast quality

DecTiger

20 38.28 38.28 104.90 57.02 29.12 400.00
50 101.32 101.32 316.66 161.55 81.03 1000.00

100 206.44 206.44 669.55 337.00 170.91 2000.00

FireFight (nh = 4)

5 TO −16.84 −16.84 MO −16.84 −11.07
6 TO MO −19.04 MO −19.04 −11.76

10 TO MO −22.81 MO −22.93 −12.42
20 TO MO −23.64 MO −24.82 −12.46
50 TO MO −20.65 MO −25.09 −12.46

Grid

7 4.48 TO MO 4.55 4.47 4.47 5.81
10 TO MO 7.35 7.17 6.82 8.81
20 TO MO 17.26 17.03 14.81 18.81
50 TO MO 47.26 47.27 40.49 48.81

BoxPushing

10 223.75 TO 224.51 226.79 224.62 224.28 244.85
20 TO MO 479.12 476.21 474.97 511.13
50 TO MO 1217.23 1211.96 1209.80 1306.24

100 TO MO 2446.86 2437.45 2433.51 2628.14

Grid3x3

7 2.20 2.193 2.192 2.193 2.192 2.192 2.312
10 4.69 4.700 4.696 4.697 4.695 4.685 4.882
20 14.36 14.400 14.393 14.397 14.393 14.366 14.629
50 44.392 44.379 TO 44.379 44.352 44.618

Mars

10 26.32 26.32 26.32 26.36 26.32 26.31 28.61
20 52.86 52.71 52.94 52.77 52.13 57.52
50 132.82 132.82 133.04 132.41 128.95 144.97

100 287.46 265.73 266.28 264.85 249.92 288.97

Table 7: Upper bounds on the value of optimal policies, obtained with algorithms that find such bounds.
TO and MO denote timeout (>120s for the fast configuration) and memout (>16GB). Results for FB-
HSVI were not available for FireFight. For other benchmarks, a blank denotes that no upper bound
was reported for that horizon.
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11 Related Work

11.1 A∗ Algorithms

This work directly builds on a series of works on A∗ algorithms for Dec-POMDPs, including multi-
agent A∗ (MAA∗) [Szer et al., 2005], generalized MAA∗ (GMAA∗) [Oliehoek et al., 2008b] and
GMAA∗-ICE [Oliehoek et al., 2013]. We refer to Section 5.2, 5.3 and 5.4 for an explanation of
these algorithms, and to the discussion at the end of Section 5.5 for a comparison between these
algorithms and small-step MAA∗.

Using A∗ algorithms for approximate solving of Dec-POMDPs has also been proposed pre-
viously. In particular, Oliehoek et al. [2008b] propose k-GMAA∗, which in each step only adds
the k best children of each node as computed using a Bayesian game. For better scalability,
Emery-Montemerlo et al. [2004] combine this (for k = 1) with only approximately solving the
Bayesian games and lossy clustering based on a probability threshold. Instead of only adding the
k best children, our algorithm adds all children and prunes them when necessary. Therefore, our
algorithm is able to use its resources to search at points where it is less clear what is the best
action to choose. Finally, Szer et al. [2005] mention a heuristic where the overestimate for future
reward is weighted with some factor w < 1. This is not an admissible heuristic, but it results in
MAA∗ finding a (possibly suboptimal) policy faster. The disadvantage of this approach, however,
is that it is hard to predict how many nodes will be expanded for a particular value of w.

General A∗ literature. Finally, also similar ideas have appeared in the general A∗ literature.
The idea of splitting up steps in the A∗ search tree into smaller steps to limit the outdegree of
the tree was proposed before by Cazenave [2010], and applied to multi-agent path finding and
multiple sequence alignment. Russell [1992] studies Simplified Memory-Bounded A∗ (SMA∗),
which bounds the memory required by A∗ until the first solution is found by pruning policies with
a low heuristic from the priority queue. However, applying these ideas to Dec-POMDPs is novel.

11.2 Dynamic Programming

Another line of work in both exact and approximate Dec-POMDP solving is on algorithms that
use dynamic programming (DP) [Hansen et al., 2004]. The core workings of these DP algorithms
is quite different from A∗ algorithms, as they are bottom-up rather than top-down. This means
that the DP algorithms start by considering 1-step policies for the final stage of the Dec-POMDPs
and iteratively build larger (t-step) policy trees covering the last t stages of the Dec-POMDP for
some t. Hansen et al. [2004] propose an exact dynamic programming algorithm that incrementally
prunes policy trees for each t, thereby eliminating policy trees that are dominated, i.e. that cannot
be optimal regardless of the policy used by other agents. The idea of eliminating dominated policy
trees is similar to the last stage optimizations that we propose in Section 5.6.1, however.

Another exact dynamic programming algorithm was proposed by Szer and Charpillet [2006].
Their point-based dynamic programming algorithm takes into account which beliefs are reachable
and only computes optimal policy trees for those beliefs.

Several adaptations have been proposed to create an approximate algorithm. Memory Bounded
Dynamic Programming (MBDP) [Seuken and Zilberstein, 2007b] limits the number of policies
considered of a particular length. This is somewhat similar to queue pruning. Improved MBDP
[Seuken and Zilberstein, 2007a] improves scalability w.r.t. the number of observations by only
considering the most likely observations and choosing a fixed policy for the remaining observa-
tions. This technique is reminiscent of probability-based clustering. MBDP-OC (MDBP with
Observation Compression) [Carlin and Zilberstein, 2008] instead groups observations to reduce
the effective number of observations. MBDP-AS (MDBP Anyspace) [Kumar and Zilberstein,
2009] further reduces space requirements by pruning policies based on similarity.
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11.3 Other Algorithms for Dec-POMDP Solving

Early work on approximately solving Dec-POMDPs includes JESP [Nair et al., 2003], which
computes a Nash equilibrium, and DICEPS [Oliehoek et al., 2008a] which uses the cross-entropy
method. The genetic algorithm GA-FSC [Eker and Akin, 2013] searches through finite state
controllers and finds the best known policies on several benchmarks. The state-of-the-art ϵ-optimal
algorithm FB-HSVI transforms the Dec-POMDP into a continuous-state MDP [Dibangoye et al.,
2016] and solves it using an adaption of heuristic search value iteration. Wu et al. [2017] propose
a baseline regret minimization algorithm to improve existing policies. In the area of exact solving,
there has also been work on mixed-integer linear programming [Aras and Dutech, 2010]. Finally,
Dibangoye et al. [2012] present a dedicated fast ϵ-optimal algorithm for Dec-MDPs.

11.4 Reinforcement Learning

There is also significant work on model-free reinforcement learning (RL) algorithms. Kraemer and
Banerjee [2016] propose RLaR, in which agents rehearse using information not available during
execution. Bono et al. [2018] improve policy gradient techniques in the multi-agent setting. Diban-
goye and Buffet [2018] propose oSARSA, which uses a continuous-state MDP. Mao et al. [2020] use
machine learning techniques to create an information state embedding. Finally, the model-based
RL algorithm Team-Imitate-Synchronize [Abdoo et al., 2022] learns a centralized team policy,
which is imitated by a decentralized policy and improved using synchronization.

11.5 Other Related Work

Finally, we discuss some related work that solve slightly different problems. Amato et al. [2019]

consider Dec-POMDPs with macro-actions. Lauri et al. [2020] and Lauri and Oliehoek [2020] con-
sider information-gathering Dec-POMDPs, with a terminal reward depending on the information
that agents have jointly gathered about state of the Dec-POMDP. Xie et al. [2020] and Peralez et
al. [2024] consider problems with one-sided information sharing.

Finally, there is also related work in the area of infinite-horizon Dec-POMDP solving [Amato
et al., 2010; Pajarinen and Peltonen, 2011; MacDermed and Isbell, 2013; Dibangoye et al., 2014b;
You et al., 2021]. However, in the context of infinite-horizon Dec-POMDPs, policies are usually
represented as finite state controllers (FSCs).
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12 Conclusion

In this section, we summarize the thesis and provide some directions for future research. First,
we give a summary of our theoretical and empirical contributions.

Clustering. In Section 4, we discussed clustering. We first provided an overview of lossless
incremental clustering as introduced by Oliehoek et al. [2009], which remains an important ingre-
dient in our exact algorithms and algorithms that find upper bounds on the optimal value. Next,
we introduced sliding k-window memory. By avoiding the exponential blowup typically observed
for lossless clustering, sliding k-window memory allows us to specify policies for larger horizons.
Furthermore, we developed a lossless clustering for sliding k-window memory, which allows us to
further reduce the number of clusters without additional loss in policy value compared to just
using sliding k-window memory. This is an important ingredient for our policy-finding algorithm
PF-MAA∗. Finally, we discussed probability-based clustering, which is a first attempt to reduce
the number of clusters even further, with only limited cost in policy value.

Search. In Section 5, we studied a series of search algorithms for Dec-POMDPs building on
MAA∗. We first provided a number of general properties of A∗ algorithms. Next, we introduced
existing algorithms from the literature: MAA∗, GMAA∗ and GMAA∗-ICE. Thereafter we in-
troduced our novel small-step search tree. Finally, we introduced optimizations to find optimal
policies for the last stage of the Dec-POMDP faster.

Heuristics. In Section 6, 7, 8 and 9, we provided an arsenal of heuristics for our A∗ search. We
started by discussing heuristics from the literature (QMDP, QPOMDP and QBG) and extending them
to the small-step search tree. We also provided a faster precomputation for the QBG heuristic.
Next, we introduced a general framework for admissible heuristics based on revealing additional
information to the agents. In particular, we showed how revealing the first d joint observations
gives rise to a heuristic that can be computed recursively, using Dec-POMDPs with a smaller
horizon. By terminating A∗ searches computing these heuristics early, we make this recursive
heuristic more scalable while preserving tightness. Next, we studied what properties make a
heuristic a good heuristic for policy-finding, and provided two such heuristics. Finally, we used our
general framework again to define heuristics that occasionally reveal the state. These heuristics are
more scalable than the recursive heuristics, but still very tight. These heuristics can be computed
using Dec-POMDPs with terminal rewards.

Algorithms. We synthesize these contributions into three algorithms, as outlined in the in-
troduction. All three algorithms build on small-step MAA∗ (Section 5.5). Recursive small-step
multi-agent A∗ (RS-MAA∗) is our exact algorithm. It applies small-step MAA∗ with lossless
clustering [Oliehoek et al., 2009] and a recursive heuristic with early termination QM,d (as in-
troduced in Section 7.1 and 7.2). Policy-finding multi-agent A∗ (PF-MAA∗) is our policy-finding
algorithm. It applies small-step MAA∗ with clustered sliding window memory (Section 4.5), queue
pruning (Section 8.1) and the heuristic Qmaxr,r or QMDP,r (Section 8.2). Terminal reward multi-
agent A∗ (TR-MAA∗) computes upper bounds. It applies small-step MAA∗ with lossless clustering
and a terminal reward heuristic (Section 9.1). Together, the algorithms PF-MAA∗ and TR-MAA∗

form an approximate solver with guarantees.

Experiments. Finally, we implemented the algorithms in a common code base and evaluated
the algorithms on a rich set of standard benchmarks. Our exact algorithm RS-MAA∗ is able to
reach higher horizons on all ‘hard’ benchmarks, i.e. on all benchmarks where existing algorithms
could not already scale up to horizon 500 or further. Our policy-finding algorithm PF-MAA∗ is
able to find good policies fast for horizons up to at least 50 for every benchmark. Finally, our upper
bound algorithm TR-MAA∗ is able to compute upper bounds tighter than the MDP heuristic on
all benchmarks up to horizon at least 50. On BoxPushing, the provided upper bound is only
0.5% larger than the value of our best policy, for horizons up to 100.
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Future Research

We now identify some directions for future research in Dec-POMDP solving.

• Lossless clustering w.r.t. an arbitrary clustering. It would be interesting to develop
methods to find a lossless clustering with respect to any given clustering. This is in particular
useful when already having a clustering which is known to be lossless based on domain
knowledge, but where the probabilistic equivalence criterion does not identify this.

• Lossy clusterings. Secondly, more refined variations of probability-based clustering
could be considered, which (for example) also take into account the distance between the
beliefs of the suffixes that are clustered. In addition, it would be interesting to show bounds
on the resulting loss in policy value, as is possible for POMDPs (see, e.g. Pineau et al. [2003]).

• Clustering methods from machine learning. Another possible direction is using
clustering methods from machine learning, such as k-means clustering. When doing this, a
method needs to be found to deal efficiently with the belief over the information of other
agents, to avoid having to cluster in a space which is too high-dimensional.

• Cluster order in search. The Bayesian game solver used internally in GMAA∗-ICE
orders (joint) clusters within each stage by probability. In contrast, small-step MAA∗ orders
(local) clusters lexicographically. It remains to be investigated whether ordering local clusters
by probability (within each stage) yields an improvement for small-step MAA∗. In addition,
it may be possible to choose an ordering which takes into account which heuristics have been
computed already, to limit the time spent on computing new heuristics.

• Improved upper bounds by focusing on important clusters. To find upper bounds,
we currently use lossless clustering. To improve the upper bounds, one possibility would be
to discard clusters with a low probability, using an appropriate upper bound the reward on
discarded clusters. This would allow us to tighten the bound on high-probability clusters in
later stages. Besides implementation, a research question here is to come up with a criterion
regarding which clusters to discard.

• Automated heuristic selection. The best heuristic varies from benchmark to bench-
mark. For better ease of use on new benchmarks, it would be useful to develop tools that
select an appropriate heuristic automatically.

• Using a portfolio of heuristics for policy-finding. A related, but slightly different
direction is the use of a portfolio of heuristics for policy-finding. Rather than using one
heuristic, that has to appropriately value both information gathering actions and commu-
nication actions, it might be possible to use one heuristic that values information gathering
actions and one heuristic that values communication actions. In addition to coming up with
suitable heuristics, this requires designing a way to combine the heuristics.

• Factored models. In several cases, a main limiting factor for scaling further in our
solver is working with distributions over states and observation histories, due to the size of
the state space. In order to be able to scale up to models with a larger state space that
are hence able to model real-world cases more realistically, we propose to consider factored
models, where the state space consists of several independent components.
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A Omitted proofs

A.1 Existence of α-vectors (Theorem 2.2)

In this appendix we prove the existence of a representation of the value function V ∗ of the belief
MDP corresponding to a POMDP using α-vectors. As a result, we show that the value function
is piecewise linear and convex.

Theorem 2.2 ([Smallwood and Sondik, 1973]). There exists a representation of the value function
V ∗ using α-vectors: For each t there exist vectors α1, . . . , αz ∈ RS such that

V ∗(b, t) = max
1≤v≤z

∑
s∈S

αv(s)b(s).

Hence, the value function is piecewise linear and convex (for a fixed stage t).

Proof. We construct the α-vectors inductively. For t = 1, we have the |A| vectors corresponding to
the reward vectors of each action. Formally, if A = {a1, . . . , a|A|}, then we can define the vectors
αv ∈ RS by αv(s) = R(s, av) for 1 ≤ v ≤ |A|. Now suppose that a representation of the value
function using α-vectors exists for stage t. Then we can write V ∗(b, t) = maxv∈[z]

∑
s∈S αv(s)b(s),

where we write [z] = {1, . . . , z}. We now show that there also exists a representation of the value
function using α-vectors for stage t+ 1. We have

V ∗(b, t+ 1) = max
a∈A

[
R(b, a) +

∑
o∈O

Pr(o | b, a)V ∗(ba,o, t)

]

= max
a∈A

[
R(b, a) +

∑
o∈O

[
Pr(o | b, a) max

vo∈[z]

∑
s′∈S

αvo(s
′)ba,o(s

′)

]]

= max
a∈A

max
v∈[z]O

[
R(b, a) +

∑
o∈O

[
Pr(o | b, a)

∑
s′∈S

αvo(s
′)ba,o(s

′)

]]

= max
(a,v)∈A×[z]O

[
R(b, a) +

∑
o∈O

∑
s′∈S

[αvo(s
′) Pr(o | b, a)ba,o(s′)]

]

= max
(a,v)∈A×[z]O

[
R(b, a) +

∑
o∈O

∑
s′∈S

[
αvo(s

′)O(o | a, s′)
∑
s∈S

T (s′ | s, a)b(s)

]]

= max
(a,v)∈A×[z]O

[
R(b, a) +

∑
s∈S

[∑
o∈O

∑
s′∈S

αvo(s
′)O(o | a, s′)T (s′ | s, a)

]
b(s)

]

= max
(a,v)∈A×[z]O

∑
s∈S

[
R(s, a) +

∑
o∈O

∑
s′∈S

αvo(s
′)O(o | a, s′)T (s′ | s, a)

]
b(s).

In the first line we use the value iteration equation for POMDPs. In the second line we substitute
the representation of V ∗(ba,o, t) using α-vectors. In the third line we interchange the summation
over o ∈ O and the maximization over vo ∈ [z]. As a result, we have to maximize over vo for
each o ∈ O outside of the summation. The fourth line is rewriting. In the fifth line we substitute
in the expression for ba,o(s

′) derived in Section 2.3.1, and the last two lines are rewriting steps.
This shows that we have a representation of the value function using α-vectors for stage t + 1,
which completes the induction, and hence the proof that there exists a representation of the value
function using α-vectors.

It remains to show that the value function is piecewise linear and convex. For this, note that the
value function is linear on each set Mv = {b ∈ ∆(S) : αv(s)b(s) ≥ αv′(s)b(s) for all 1 ≤ v′ ≤ z}.
Since the setsMv are polyhedral sets and together cover the full belief simplex ∆(S), it follows that
the value function is piecewise linear. Finally, since the value function is the pointwise maximum
of linear functions, it is the pointwise maximum of convex functions. Since the pointwise maximum
of convex functions is convex, we conclude that the value function is convex.
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A.2 Clustering (Section 4)

We proceed by giving the omitted proofs from the section on clustering (Section 4). Specifically,
we show that the multi-agent belief is a sufficient statistic, that Equation (4.2) does not yield
an incremental clustering, that the forget operator is well-defined, that suffix-equivalence is an
equivalence relation, that equivalence classes of suffix-equivalence correspond to a suffix, and that
approximate equivalence is an equivalence relation.

A.2.1 Multi-agent belief is a sufficient statistic (Lemma 4.1)

We now prove Lemma 4.1, which states that the multi-agent belief of an agent is a sufficient
statistic for computing the value (i.e., the expected reward) of a subtree policy of that agent.

Lemma 4.1 (Multi-agent belief is a sufficient statistic). The multi-agent belief for agent i ∈ D
and stage t (0 ≤ t ≤ h − 1) is a sufficient statistic for computing the value of any subtree policy

γh−t
i : O≤h−t−1

i → Ai that agent i can use from stage t onwards.

Proof. We first show that we can calculate the value V
(
(st,γh−t

̸=i ), γh−t
i

)
of a subtree policy γh−t

i

of agent i corresponding to a multi-agent belief state (st,γh−t
̸=i ). We prove this by induction on

t, starting at t = h − 1 downwards to t = 0. For t = h − 1, the subtree policy γh−t
i specifies

one action ah−1
i for agent i while γh−t

̸=i specifies actions ah−1
̸=i for the agents other than agent i.

Together, this gives a joint action ah−1, and V
(
(st,γh−t

̸=i ), γh−t
i

)
= R(sh−1,ah−1) for t = h− 1.

To go from stage t to stage t − 1, we first define the policy consumption operator, denoted

by
w� [Oliehoek, 2010]. For an agent j, let

(
γh−u
j

w�
ou+1
j

)
: O≤h−u−2

j → Aj be the subtree policy

defined by
(
γh−u
j

w�
ou+1
j

)(
o
[u+2,v]
j

)
= γh−u

j

(
o
[u+1,v]
j

)
. Moreover, define

γh−u
̸=i

w�
ou+1 =

〈
γh−u
1

w�
ou+1
1

, . . . , γh−u
i−1

w�
ou+1
i−1

, γh−u
i+1

w�
ou+1
i+1

, . . . , γh−u
n

w�
ou+1
n

〉
.

The subtree policy γh−t+1
i specifies one action at−1

i for agent i while γh−t+1
̸=i specifies actions at−1

̸=i

for the agents other than agent i. Together, this gives a joint action at−1. By conditioning on the
next state st and the next observation ot, we can write

V
(
(st−1,γh−t+1

̸=i ), γh−t+1
i

)
= R(s,at−1) +

∑
st∈S

∑
ot∈O

T (st | st−1,at−1)O(ot | at−1, st)V
(
(st,γh−t+1

̸=i

w�
ot), γ

h−t+1
i

w�
oti

)
,

which shows that we can calculate the value of a subtree policy γh−t+1
i for a multi-agent belief

state (st−1,γh−t+1
̸=i ) in stage t− 1, which completes the induction.

Now suppose that we have a multi-agent belief bi which assigns probabilities to multi-agent
belief states (st,γh−t

̸=i ). Then we can compute the corresponding value of a subtree policy γh−t
i

of agent i by taking the average over the values corresponding to the multi-agent belief states
according to the probabilities specified by bi:

V
(
bi, γ

h−t
i

)
=
∑
st

∑
γh−t
̸=i

bi(s
t,γh−t

̸=i )V
(
(st,γh−t

̸=i ), γh−t
i

)
.

This shows that we can compute the value of any subtree policy γh−t
i based on the multi-agent

belief. Hence, the multi-agent belief is a sufficient statistic.

Finally, we note that the value defined in this way matches the value of a policy as defined
in Section 3, since both values compute the expected reward. Specifically, suppose that bi is the

multi-agent belief of agent i after observing LOH o
[1,t]
i and γh−t

i is the subtree policy that agent i

uses from LOH o
[1,t]
i onwards. Then V

(
bi, γ

h−t
i

)
is the expected reward over the last h− t stages

conditional on agent i’s LOH being o
[1,t]
i .
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(a) Probabilities corresponding to state s0.
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(b) Probabilities corresponding to state s1.

Figure 15: Probabilities for each of the observations given the true state, corresponding to Example A.1.

A.2.2 Equation (4.2) does not yield an incremental clustering

In this Appendix, we give an example showing that clustering two suffixes o
[ℓt,t]
i and õ

[ℓt,t]
i if

Pr
(
st, ct−1

̸=i ,ot
̸=i

∣∣∣ o[v,t]i

)
= Pr

(
st, ct−1

̸=i ,ot
̸=i

∣∣∣ õ[v,t]i

)
.

for all v ∈ {ℓt, . . . , t}, does not yield an incremental clustering.

Example A.1. Consider a Dec-POMDP with one agent, two states (which we call s0 and s1),
three actions (a0, a1 and a2) and two observations (X and Y ). The state does not change:
T (s′ | ai, s) = 1 if s = s′, and 0 otherwise. For the observations, we have O(X | a0, s0) = 1

2 ,
O(X | a1, s0) = 1, O(X | a2, s0) = 1

2 , O(X | a0, s1) = 1
3 , O(X | a1, s1) = 1

2 and O(X | a2, s1) = 7
8 .

The probabilities for the observation Y can be computed as the complements of these probabilities.
The initial belief assigns probability 1

2 to both s0 and s1. Rewards are not relevant for this example.
Now consider the following policy in stage 0 and 1: ∅ 7→ a0, (X) 7→ a1, and (Y ) 7→ a2.

Figure 15 depicts the resulting observation probabilities for both states. We use windows of size
k = 2.

We now show that (X,X) and (Y, Y ) are equivalent according to Equation (4.2). We instead
write these observation histories instead as XX and Y Y . Using Figure 15, we see that Pr(XX |
s0) =

1
2 · 1 = 1

2 and Pr(XX | s1) = 1
3 ·

1
2 = 1

6 and Pr(Y Y | s0) = 1
2 ·

1
2 = 1

4 and Pr(Y Y | s1) =
2
3 ·

1
8 = 1

12 . Using Bayes’ rule, it follows that

Pr(s0 | XX) =
Pr(XX | s0) Pr(s0)

Pr(XX)
=

Pr(XX | s0) Pr(s0)
Pr(XX|s0) Pr(s0)+Pr(XX|s1) Pr(s1)

=
1
2 ·

1
2

1
2 ·

1
2+

1
6 ·

1
2

=
3

4
,

Pr(s0 | Y Y ) =
Pr(Y Y | s0) Pr(s0)

Pr(Y Y )
=

Pr(Y Y | s0) Pr(s0)
Pr(Y Y |s0) Pr(s0)+Pr(Y Y |s1) Pr(s1)

=
1
4 ·

1
2

1
4 ·

1
2+

1
12 ·

1
2

=
3

4
,

Pr(s1 | Y Y ) = 1− Pr(s0 | Y Y ) = 1− Pr(s0 | XX) = Pr(s1 | XX).

Hence, the observation histories XX and Y Y induce the same belief over the states. We also
have to show that conditioning just on the suffixes ·X and ·Y (where the · denotes the ‘forgotten’
first observation) induces the same belief over the states. For this, we compute Pr(·X | s0) =
1
2 + 1

2 ·
1
2 = 3

4 and Pr(·X | s1) = 1
3 ·

1
2 + 2

3 ·
7
8 = 3

4 . Hence, Pr(·Y | s0) = 1− Pr(·X | s0) = 1
4 and

Pr(·Y | s1) = 1− Pr(·X | s1) = 1
4 . Again using Bayes’ rule, we see that

Pr(s0 | ·X) =
Pr(·X | s0) Pr(s0)

Pr(·X)
=

Pr(·X | s0) Pr(s0)
Pr(·X | s0) Pr(s0) + Pr(·X | s1) Pr(s1)

=
3
4 ·

1
2

3
4 ·

1
2 + 3

4 ·
1
2

=
1

2
,

Pr(s0 | ·Y ) =
Pr(·Y | s0) Pr(s0)

Pr(·Y )
=

Pr(·Y | s0) Pr(s0)
Pr(·Y | s0) Pr(s0) + Pr(·Y | s1) Pr(s1)

=
1
4 ·

1
2

1
4 ·

1
2 + 1

4 ·
1
2

=
1

2
,

Pr(s1 | ·Y ) = 1− Pr(s0 | ·Y ) = 1− Pr(s0 | ·X) = Pr(s1 | ·X).

Hence, also the suffixes ·X and ·Y induce the same belief over the state. Hence, we conclude that
we cluster XX and Y Y according to Equation (4.2).
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We also note that Pr(XY | s0) = 0, so Pr(s0 | XY ) = 0 and Pr(s1 | XY ) = 1, so XY is
in its own cluster. Finally, we can compute that Pr(Y X | s0) = 1

4 and Pr(Y X | s1) = 7
12 , so

Pr(s0 | Y X) = 3
10 and Pr(s1 | Y X) = 7

10 , so also Y X is in its own cluster. Now suppose that the
agent chooses actions {XX,Y Y } 7→ a1 and XY 7→ a0 and Y X 7→ a0.

By incrementality, the observation histories XXX and Y Y X should be clustered. Since we
use windows of size k = 2, this means that the suffixes ·XX and ·Y X should be clustered. We
now show that this is not the case, since they do not induce the same belief over the states. We
compute

Pr(·XX | s0) = Pr(XXX | s0) + Pr(Y XX | s0)
= Pr(XX | s0)O(X | a1, s0) + Pr(Y X | s0)O(X | a0, s0) = 1

2 · 1 +
1
4 ·

1
2 = 5

8 ,

Pr(·Y X | s0) = Pr(XYX | s0) + Pr(Y Y X | s0)
= Pr(XY | s0)O(X | a0, s0) + Pr(Y Y | s0)O(X | a1, s0) = 0 + 1

4 · 1 = 1
4 ,

Pr(·XX | s1) = Pr(XXX | s1) + Pr(Y XX | s1)
= Pr(XX | s1)O(X | a1, s1) + Pr(Y X | s1)O(X | a0, s1) = 1

6 ·
1
2 + 7

12 ·
1
3 = 5

18 ,

Pr(·Y X | s1) = Pr(XYX | s1) + Pr(Y Y X | s1)
= Pr(XY | s1)O(X | a0, s1) + Pr(Y Y | s1)O(X | a1, s1) = 1

6 ·
1
3 + 1

12 ·
1
2 = 7

72 .

From this we finally compute using Bayes’ rule that

Pr(s0 | ·XX) =
Pr(·XX | s0) Pr(s0)

Pr(·XX)
=

5
8 ·

1
2

5
8 ·

1
2 + 5

18 ·
1
2

=
9

13
,

Pr(s0 | ·Y X) =
Pr(·Y X | s0) Pr(s0)

Pr(·Y X)
=

1
4 ·

1
2

1
4 ·

1
2 + 7

72 ·
1
2

=
18

25
,

which shows that the suffixes ·XX and ·Y X are not equivalent according to Equation (4.2). Hence,
we conclude that using Equation (4.2) does not yield an incremental clustering.

A.2.3 Forget operator is well-defined (Lemma 4.6)

Lemma 4.6 (Well-definedness of forget operator). Fix a clustering C up to stage t−1. Then there
exists a finest clustering CF up to stage t agreeing with C up to stage t− 1, which is incremental
at stage t− 1 and coarser than sliding k-window memory.

Proof. Fix an agent i and let ≡C′
i,t

denote the equivalence relation corresponding to a partition

C ′
i,t. Let ≡k denote the equivalence relation corresponding to sliding k-window memory.
Let C be the collection of all clusterings C ′ agreeing with C up to stage t − 1 which are

incremental at stage t − 1 and coarser than sliding k-window memory. Note that the clustering
which agrees with C up to stage t − 1 and has only one cluster in stage t satisfies this, so C is
non-empty. Define the relation ≡F by

o
[1,t]
i ≡F õ

[1,t]
i ⇐⇒ ∀C ′ ∈ C : o[1,t]i ≡C′

i,t
õ
[1,t]
i .

Then ≡F is an equivalence relation inducing a partition CF
i,t. Let CF be the clustering agreeing

with C up to stage t− 1, extended with the partitions CF
i,t for i ∈ D as clustering in stage t.

If o
[1,t]
i ≡k õ

[1,t]
i , then o

[1,t]
i ≡C′

i,t
õ
[1,t]
i for all C ′ ∈ C (since each C ′ is coarser), so also

o
[1,t]
i ≡F õ

[1,t]
i , so CF

i,t is coarser than sliding k-window memory.

Now we show incrementality. Let o
[1,t−1]
i ≡Ci,t−1 õ

[1,t−1]
i and let o ∈ oi be an observation, then

∀C ′ ∈ C :
(
o
[1,t−1]
i · o

)
≡Ci,t

(
õ
[1,t−1]
i · o

)
since each C ′ is incremental at stage t− 1. Hence, we have

(
o
[1,t−1]
i · o

)
≡F

(
õ
[1,t−1]
i · o

)
, so CF is

also incremental at stage t− 1, as required.
Finally, from the definition of ≡F it directly follows that CF is finer than each C ′, so CF is the

finest clustering which is incremental at stage t−1 and coarser than sliding k-window memory.
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A.2.4 Suffix equivalence is an equivalence relation (Lemma 4.7)

Lemma 4.7. Suffix-equivalence ∼ is an equivalence relation.

Proof. Note that weak equivalence ∼w is clearly an equivalence relation. Throughout the proof,
fix an agent i and a stage t.

We first show that ∼ is reflexive. Let o
[ℓt,t]
i be given. We need to show that o

[ℓt,t]
i ∼ o

[ℓt,t]
i . Since

the largest common suffix of o
[ℓt,t]
i and o

[ℓt,t]
i is o

[ℓt,t]
i , we only have to show that o

[ℓt,t]
i ∼w o

[ℓt,t]
i ,

which holds since ∼w is reflexive.
We now show that ∼ is symmetric. Let o

[ℓt,t]
i and õ

[ℓt,t]
i with o

[ℓt,t]
i ∼ õ

[ℓt,t]
i be given. Let

o
[m,t]
i = õ

[m,t]
i be the largest common suffix of o

[ℓt,t]
i and õ

[ℓt,t]
i . Hence, o

[ℓt,t]
i ∼w ô

[ℓt,t]
i for all ô

[ℓt,t]
i

such that o
[m,t]
i = ô

[m,t]
i . In particular, we have o

[ℓt,t]
i ∼w õ

[ℓt,t]
i . By symmetry and transitivity

of ∼w this implies õ
[ℓt,t]
i ∼w o

[ℓt,t]
i ∼w ô

[ℓt,t]
i , so õ

[ℓt,t]
i ∼w ô

[ℓt,t]
i . Since o

[m,t]
i = õ

[m,t]
i this implies

õ
[ℓt,t]
i ∼w ô

[ℓt,t]
i for all ô

[ℓt,t]
i with õ

[m,t]
i = ô

[m,t]
i . Hence, õ

[ℓt,t]
i ∼ o

[ℓt,t]
i , showing symmetry.

Finally, we show transitivity. Let o
[ℓt,t]
i and õ

[ℓt,t]
i and ō

[ℓt,t]
i with o

[ℓt,t]
i ∼ õ

[ℓt,t]
i and õ

[ℓt,t]
i ∼

ō
[ℓt,t]
i be given. Let o

[m,t]
i = õ

[m,t]
i be the largest common suffix of o

[ℓt,t]
i and õ

[ℓt,t]
i and let õ

[m′,t]
i =

ō
[m′,t]
i be the largest common suffix of õ

[ℓt,t]
i and ō

[ℓt,t]
i . If m ≥ m′, then o

[m,t]
i = õ

[m,t]
i = ō

[m,t]
i .

We have o
[ℓt,t]
i ∼w ô

[ℓt,t]
i for all ô

[ℓt,t]
i such that o

[m,t]
i = ô

[m,t]
i . Since o

[m,t]
i = ō

[m,t]
i is a common

suffix of o
[ℓt,t]
i and ō

[ℓt,t]
i , this shows that o

[ℓt,t]
i ∼ ō

[ℓt,t]
i .

If m < m′, then we can use the symmetry of ∼ to obtain ō
[ℓt,t]
i ∼ õ

[ℓt,t]
i and õ

[ℓt,t]
i ∼ o

[ℓt,t]
i . This

reverses m and m′, so now we can use the previous case to conclude that ō
[ℓt,t]
i ∼ o

[ℓt,t]
i . Again

using symmetry, we get o
[ℓt,t]
i ∼ ō

[ℓt,t]
i . Hence, we conclude that transitivity holds.

Since∼ is reflexive, symmetric and transitive, we conclude that∼ is an equivalence relation.

A.2.5 Clusters in suffix-equivalence correspond to a suffix (Lemma 4.8)

Lemma 4.8. Let cti be a cluster in clustered sliding window memory. Then there exists a suffix

o
[m,t]
i such that cti contains precisely the suffixes with suffix o

[m,t]
i .

Proof. Consider the largest common suffix for each pair of suffixes o
[ℓt,t]
i , õ

[ℓt,t]
i in cti and take a

shortest o
[m,t]
i among them. We prove by contradiction that each suffix in cti has this suffix o

[m,t]
i .

Suppose that there exists a suffix that does not have suffix o
[m,t]
i . Take this suffix and another

suffix that does have suffix o
[m,t]
i . Then these two suffixes have a shorter largest common suffix

than o
[m,t]
i , contradiction. Hence, all suffixes in cti have suffix o

[m,t]
i .

Hence, it remains to prove that cti contains all suffixes with suffix o
[m,t]
i . Fix two suffixes o

[ℓt,t]
i

and õ
[ℓt,t]
i in cti with largest common suffix o

[m,t]
i . Then o

[ℓt,t]
i ∼w ô

[ℓt,t]
i for all ô

[ℓt,t]
i with suffix

o
[m,t]
i . If ō

[ℓt,t]
i is any suffix with suffix o

[m,t]
i , then we hence have o

[ℓt,t]
i ∼w ō

[ℓt,t]
i . By symmetry

and transitivity of ∼w this implies ō
[ℓt,t]
i ∼w o

[ℓt,t]
i ∼w ô

[ℓt,t]
i , so ō

[ℓt,t]
i ∼w ô

[ℓt,t]
i for all ô

[ℓt,t]
i such

that ō
[m,t]
i = ô

[m,t]
i . Hence, ō

[ℓt,t]
i ∼ o

[ℓt,t]
i , which shows that ō

[ℓt,t]
i ∈ cti, so cti contains precisely the

suffixes with suffix o
[m,t]
i .

A.2.6 Approximate equivalence is an equivalence relation (Lemma 4.13)

Lemma 4.13. Approximate equivalence ≈ is an equivalence relation.

Proof. Fix pmax. Reflexivity of ≈ follows directly from the reflexivity of ∼.
We now show that ≈ is symmetric. Let o

[ℓt,t]
i and õ

[ℓt,t]
i with o

[ℓt,t]
i ≈ õ

[ℓt,t]
i be given. Let

o
[m,t]
i = õ

[m,t]
i be their largest common suffix. Then o

[ℓt,t]
i ∼ õ

[ℓt,t]
i or Pr(o

[m,t]
i ) ≤ pmax. By

symmetry of∼ this implies õ
[ℓt,t]
i ∼ o

[ℓt,t]
i or Pr(õ

[m,t]
i ) ≤ pmax, so õ

[ℓt,t]
i ≈ o

[ℓt,t]
i , showing symmetry.

We now show that ≈ is transitive. Let three suffixes o
[ℓt,t]
i , õ

[ℓt,t]
i and ō

[ℓt,t]
i with o

[ℓt,t]
i ≈ õ

[ℓt,t]
i

and õ
[ℓt,t]
i ≈ ō

[ℓt,t]
i be given. Let o

[m,t]
i = õ

[m,t]
i be the largest common suffix of o

[ℓt,t]
i and õ

[ℓt,t]
i
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and let õ
[m′,t]
i = ō

[m′,t]
i be the largest common suffix of õ

[ℓt,t]
i and ō

[ℓt,t]
i . Since ≈ is symmetric we

can assume without loss of generality that m ≥ m′, as in the proof of Lemma 4.7. Then we have

o
[m,t]
i = õ

[m,t]
i = ō

[m,t]
i , so if o

[m′′,t]
i = ō

[m′′,t]
i is the largest common suffix of o

[ℓt,t]
i and ō

[ℓt,t]
i , then

m′′ ≤ m. If Pr(o
[m,t]
i ) ≤ pmax, then also Pr(o

[m′′,t]
i ) ≤ pmax, so o

[ℓt,t]
i ≈ ō

[ℓt,t]
i . Otherwise, we have

o
[ℓt,t]
i ∼ õ

[ℓt,t]
i . Hence, the cluster containing o

[ℓt,t]
i contains all suffixes with suffix o

[m,t]
i by Lemma

4.8. Since o
[m,t]
i = ō

[m,t]
i , it then also contains ō

[m,t]
i , so o

[m,t]
i ∼ ō

[m,t]
i and hence o

[m,t]
i ≈ ō

[m,t]
i .

Hence, we conclude that transitivity holds and hence that ≈ is an equivalence relation.

A.2.7 Clusters in approximate equivalence correspond to a suffix (Lemma 4.14)

Lemma 4.14. Let cti be a cluster in probability-based clustering. Then there exists a suffix o
[m,t]
i

such that cti contains precisely the suffixes with suffix o
[m,t]
i .

Proof. Consider the largest common suffix for each pair of suffixes o
[ℓt,t]
i , õ

[ℓt,t]
i in cti and take a

shortest o
[m,t]
i among them. As in the proof of Lemma 4.8, it then follows that all suffixes in

cti have suffix o
[m,t]
i . Fix two suffixes o

[ℓt,t]
i and õ

[ℓt,t]
i in cti with largest common suffix o

[m,t]
i . If

Pr(o
[m,t]
i ) > pmax, then we must have o

[ℓt,t]
i ∼ õ

[ℓt,t]
i . By Lemma 4.8, it then follows that cti

contains all clusters with suffix o
[m,t]
i . We now consider the case Pr(o

[m,t]
i ) ≤ pmax. Let any suffix

ô
[ℓt,t]
i with suffix o

[m,t]
i be given. Then the largest common suffix of o

[ℓt,t]
i and ô

[ℓt,t]
i is o

[m′,t]
i for

some m′ ≤ m. Then we have Pr(o
[m′,t]
i ) ≤ Pr(o

[m,t]
i ) ≤ pmax, so o

[ℓt,t]
i ≈ ô

[ℓt,t]
i , which shows that

ô
[ℓt,t]
i ∈ cti. Hence, also in this case cti contains precisely the suffixes with suffix o

[m,t]
i .
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A.3 Queue Pruning (Lemma 8.1)

Lemma 8.1. Assume that L ≥ n|Ci,t| for all 0 ≤ t ≤ h − 1 and all i ∈ D. Let φ be a partial
policy and let φ′ be a child of φ in the small-step search tree. Then prog(φ′) ≥ prog(φ) + 1.

Proof. Assume that φ has specified an action for all clusters of length σ(φ) − 1, for i out of n
agents, and for c out of |Ci+1,σ(φ)| clusters of agent i + 1, and let p be the probability that the
LOH of agent i+ 1 is in one of the first c clusters. Define σ(φ′), i′, c′, and p′ similarly for φ′.

If c < |Ci+1,σ(φ)| − 1, then φ′ just specifies an action for an additional cluster for agent i+ 1,
so σ(φ′) = σ(φ), i′ = i, c′ = c+ 1 and p′ ≥ p. Then

prog(φ′) = σ(φ′)·L+ i′ ·L
n
+ c′ + p′

(
L

n
−
∣∣Ci′+1,σ(φ′)

∣∣)
≥ σ(φ) · L+ i · L

n
+ (c+ 1) + p

(
L

n
−
∣∣Ci+1,σ(φ)

∣∣)
= prog(φ) + 1.

If c = |Ci+1,σ(φ)|−1, then φ′ specifies the last action for agent i+1. If i+1 < n, then σ(φ′) = σ(φ),
i′ = i+ 1, c′ = 0 and p′ = 0. Then

prog(φ′) = σ(φ′) · L+ i′ · L
n

= σ(φ) · L+ i · L
n
+

L

n

= σ(φ)·L+ i·L
n
+
∣∣Ci+1,σ(φ)

∣∣+ (L
n
−
∣∣Ci+1,σ(φ)

∣∣)
≥ σ(φ)·L+ i·L

n
+ (c+ 1) + p

(
L

n
−
∣∣Ci+1,σ(φ)

∣∣)
= prog(φ) + 1.

Finally, if c = |Ci+1,σ(φ)|−1 and i+1 = n, then σ(φ′) = σ(φ)+1, i′ = 0, c′ = 0 and p′ = 0. Then

prog(φ′) = σ(φ′) · L = σ(φ) · L+ (n−1)·L
n
+

L

n

= σ(φ)·L+ i·L
n
+
∣∣Ci+1,σ(φ)

∣∣+ (L
n
−
∣∣Ci+1,σ(φ)

∣∣)
≥ σ(φ)·L+ i·L

n
+ (c+ 1) + p

(
L

n
−
∣∣Ci+1,σ(φ)

∣∣)
= prog(φ) + 1.

In each case, we use that L ≥ n|Ci,t| when using that the weight
(
L
n−
∣∣Ci+1,σ(φ)

∣∣) for the proba-
bility is nonnegative. We conclude that prog(φ′) ≥ prog(φ) + 1.
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B Further Empirical Results

In this appendix, we present further tables with empirical results for PF-MAA∗ and TR-MAA∗.

1,QMDP,1,20 2,QMDP,1,100 3,QMDP,1,100 2,QMDP,2,10
3 3,QMDP,2,10

4 3,Qmaxr,3,10
4

h value time value time value time value time value time value time
DecTiger

6 −10.68 <1 10.38 1 10.38 1 10.38 2 10.38 5 10.38 1
7 −11.55 <1 8.38 1 8.37 1 8.38 3 7.45 8 9.99 8
8 −13.55 <1 6.38 1 6.58 1 7.25 3 5.05 10 8.36 15
9 −16.68 <1 15.57 1 10.37 1 15.57 4 9.16 11 15.57 11

10 −18.68 <1 13.57 1 11.66 1 13.57 4 8.92 13 15.18 16
12 −22.68 <1 20.76 1 8.49 1 20.76 5 7.58 15 20.76 17
15 −28.68 <1 25.95 1 7.14 2 25.95 5 6.74 19 25.95 22
20 −38.68 1 27.14 2 −0.09 2 28.01 6 7.02 26 29.12 30
30 −58.68 1 51.91 2 −18.34 2 51.91 6 3.20 39 51.91 32
40 −78.68 1 65.48 2 −32.23 3 65.48 8 2.60 52 67.09 41
50 −98.68 1 79.05 2 −47.97 3 79.92 8 8.86 65 81.03 51
100 −198.68 1 169.30 2 −131.09 4 169.30 13 15.43 123 170.91 83

Grid
4 2.176 <1 2.232 1 2.225 1 2.241 2 2.242 2 2.242 3
5 2.916 <1 2.915 1 2.854 1 2.969 4 2.970 4 2.970 6
6 3.616 1 3.664 1 3.623 2 3.715 13 3.717 12 3.717 23
7 4.319 1 4.414 2 4.352 2 4.471 22 4.474 29 4.474 61
8 5.023 1 5.168 2 5.140 2 5.248 35 5.229 45 5.234 109
9 5.727 1 5.925 2 5.898 2 6.032 49 6.032 73 5.999 218

10 6.431 1 6.684 2 6.661 3 6.817 67 6.821 97 6.764 286
12 7.840 1 8.203 3 8.195 3 8.391 99 8.414 146 8.302 444
15 9.953 1 10.485 3 10.507 4 10.754 147 10.810 268 MO 488
20 13.475 2 14.288 4 14.357 4 14.693 234 14.808 435 MO 488
50 34.606 3 37.105 7 37.461 8 MO 445 MO 483 MO 519
100 69.825 4 75.133 11 75.966 14 MO 435 MO 469 MO 515

BoxPushing
4 98.17 <1 98.59 <1 98.59 <1 98.59 1 98.59 2 98.59 2
5 107.65 <1 107.73 <1 107.73 <1 107.71 2 107.73 3 107.69 5
6 114.40 <1 115.90 1 115.63 1 119.74 3 120.00 6 120.68 10
7 150.09 <1 155.25 1 155.99 1 155.35 4 155.99 5 155.91 12
8 186.03 <1 187.09 1 191.20 1 187.09 4 191.20 8 191.23 14
9 203.06 1 203.87 1 210.26 1 203.87 4 210.26 8 210.26 15

10 218.32 1 219.12 1 221.12 1 219.12 4 223.70 9 224.28 16
12 265.11 1 266.77 1 282.70 1 270.59 6 283.79 12 284.15 17
15 326.87 1 325.52 1 342.99 2 324.88 5 346.95 16 349.18 19
20 421.35 1 423.19 2 466.34 2 420.94 6 471.64 22 474.97 23
30 625.60 2 612.03 2 718.76 3 619.01 7 720.68 66 721.28 31
40 844.82 2 811.27 3 963.02 4 815.93 8 964.54 99 965.09 39
50 991.02 2 977.79 3 1207.67 4 1012.03 9 1209.26 161 1209.80 47
100 1905.81 3 1892.52 4 2431.40 6 1993.41 14 MO 344 2433.51 87

FireFight (nh = 3)
4 −6.626 <1 −6.672 1 −6.586 1 −6.626 2 −6.579 2 −6.579 2
5 −7.096 <1 −7.294 1 −7.148 2 −7.095 5 −7.073 5 −7.073 7
6 −7.379 <1 −7.661 1 −7.673 2 −7.196 3 −7.176 3 −7.176 24

10 −7.196 <1 −7.196 1 −7.255 1 −7.196 2 −7.176 1 −7.176 24
100 −7.196 1 −7.196 1 −7.256 2 −7.196 2 −7.176 2 −7.176 24
2000 −7.196 5 −7.196 5 −7.256 6 −7.196 7 −7.176 7 −7.176 25

Table 8: Results for each configuration of PF-MAA∗ listed separately. MO and TO denote memout
(>16GB) and timeout (>600s).
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1,QMDP,1,20 2,QMDP,1,100 3,QMDP,1,100 2,QMDP,2,10
3 3,QMDP,2,10

4 3,Qmaxr,3,10
4

h value time value time value time value time value time value time
Grid3x3

5 0.90 1 0.90 1 0.90 1 0.90 2 0.90 2 0.90 7
6 1.49 1 1.49 1 1.49 1 1.49 4 1.49 5 1.49 13
7 2.17 1 2.17 1 2.17 1 2.19 8 2.19 11 2.18 16
8 2.93 1 2.96 2 2.96 2 2.97 12 2.97 18 2.92 24
9 3.75 1 3.80 2 3.80 2 3.81 17 3.81 31 3.70 29

10 4.60 1 4.67 2 4.67 2 4.68 23 4.68 37 4.50 39
12 6.50 2 6.50 2 6.50 2 6.53 32 6.53 61 6.13 51
15 9.40 2 9.39 3 9.39 3 9.42 50 9.42 90 8.61 77
20 14.34 2 14.33 3 14.33 4 14.37 78 14.37 150 12.76 118
30 24.32 2 24.32 5 24.32 5 24.35 131 24.35 313 21.07 192
40 34.32 3 34.32 6 34.32 7 34.35 195 34.35 499 29.39 255
50 44.32 3 44.32 7 44.32 9 44.35 233 TO 600 37.70 344
100 94.32 4 94.32 12 94.32 15 94.35 354 TO 600 79.26 522

Mars
6 16.98 1 16.99 1 16.99 1 18.62 3 18.62 4 18.62 5
7 20.60 1 20.60 1 20.60 1 20.90 3 20.90 4 20.90 10
8 20.57 1 20.65 1 20.41 1 22.48 4 22.48 7 21.13 13
9 23.92 1 24.02 2 24.02 2 24.31 6 24.32 8 20.99 14

10 23.58 1 24.44 2 24.44 2 26.31 7 26.31 20 20.80 14
12 30.94 1 31.01 2 31.00 2 32.09 7 32.05 25 20.40 15
15 33.66 1 34.23 2 - 3 37.72 9 37.47 47 19.80 18
20 49.08 1 44.87 3 - 3 49.37 17 49.15 79 18.80 23
30 74.54 2 75.15 4 - 2 77.47 28 77.09 197 16.80 37
40 95.39 2 96.06 5 - 3 100.02 34 94.21 255 31.40 93
50 116.35 2 117.03 6 - 2 122.56 46 117.33 293 29.40 299
100 221.14 3 221.75 11 - 3 234.07 95 MO 396 TO 600

Hotel
100 502.2 1 502.2 1 502.2 1 502.2 5 502.2 34 502.2 30
500 2502.2 2 2502.2 4 2502.2 4 2502.2 36 MO 39 2502.2 209
1000 5002.2 3 5002.2 9 5002.2 9 MO 34 MO 35 5002.2 569
2000 10002.2 7 10002.2 28 10002.2 28 MO 35 MO 35 TO 600

Recycling
100 308.79 1 308.79 2 308.79 2 308.79 9 308.79 52 308.79 44
500 1539.56 2 1539.56 4 1539.56 4 1539.56 30 1539.56 302 1539.56 231
1000 3078.02 2 3078.02 6 3078.02 6 3078.02 70 TO 600 TO 600
2000 6154.94 4 6154.94 14 6154.94 14 6154.94 211 TO 600 TO 600

Broadcast
100 90.74 1 90.56 1 90.56 1 90.76 4 90.75 29 90.76 25
500 452.69 1 450.56 3 450.56 3 452.72 19 452.73 198 452.05 156
1000 905.09 2 900.56 5 900.56 5 905.18 47 MO 369 903.17 422
2000 1809.87 4 1800.56 14 1800.56 14 1810.07 134 MO 374 TO 600

FireFight (nh = 4)
4 −14.127 1 −14.121 3 −14.107 3 −14.121 11 −14.107 11 −14.107 18
5 −17.081 1 −17.132 4 −17.085 5 −16.878 73 −16.848 67 TO 600
6 −19.495 1 −19.708 5 −19.692 5 −19.092 316 −19.092 310 TO 600

10 −22.995 1 −23.001 4 −22.929 4 −22.995 403 TO 600 TO 600
12 −23.980 2 −23.847 5 −23.974 6 −23.831 440 TO 600 TO 600
15 −24.419 2 −24.424 7 −25.097 11 −24.392 466 TO 600 TO 600
20 −24.818 3 −24.891 10 −26.422 17 TO 600 TO 600 TO 600
30 −25.053 5 −25.144 19 −27.490 32 TO 600 TO 600 TO 600
40 −25.087 6 −25.212 27 −28.060 46 TO 600 TO 600 TO 600
50 −25.092 8 −25.222 33 −28.284 59 TO 600 TO 600 TO 600

Table 9: Results for each configuration of PF-MAA∗ listed separately. MO and TO denote memout
(>16GB) and timeout (>600s). For Mars, with k = 3 and L = 100 there are more clusters than
iterations for h ≥ 15, and hence the solver does not provide a result.
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FB-HSVI GA-FSC 2,QMDP,10
3 3,QMDP,10

4 PF-MAA∗ (f) PF-MAA∗ random upper
h value value value time value time value time value time value value

DecTiger
6 10.38 10.38 10.38 1 10.38 4 10.38 1 10.38 8 −277.33 10.38
7 9.99 8.38 1 8.38 4 8.38 2 9.99 18 −323.56 9.99
8 12.22 8.00 7.25 2 6.38 5 6.58 2 8.36 29 −369.78 12.22
9 15.57 15.57 2 15.57 6 15.57 2 15.57 26 −416.00 15.57

10 15.18 13.57 13.57 2 13.57 7 13.57 2 15.18 33 −462.22 15.18
12 20.76 2 20.76 8 20.76 3 20.76 38 −554.67 20.76
15 25.95 2 25.95 9 25.95 3 25.95 46 −693.33 25.95
20 28.75 28.01 2 27.14 9 27.14 4 29.12 61 −924.44 38.28
30 51.90 51.91 2 51.91 12 51.91 5 51.91 77 −1386.67 59.47
40 67.09 65.48 3 65.48 15 65.48 5 67.09 100 −1848.89 80.35
50 80.66 79.92 3 79.05 19 79.05 6 81.03 124 −2311.11 101.32
100 170.90 169.30 169.30 4 169.30 33 169.30 8 170.91 220 −4622.22 206.44

Grid
4 2.24 2.24 2.240 1 2.242 2 2.232 2 2.242 6 0.684 2.242
5 2.97 2.97 2.960 1 2.957 3 2.916 3 2.970 15 0.928 2.970
6 3.71 3.72 3.696 1 3.689 4 3.664 4 3.717 48 1.176 3.717
7 4.47 4.441 2 4.429 5 4.414 4 4.474 111 1.425 4.474
8 5.23 5.190 2 5.170 5 5.168 5 5.248 189 1.675 5.328
9 6.03 5.942 2 5.913 6 5.925 6 6.032 340 1.924 6.237

10 6.695 2 6.657 6 6.684 6 6.821 449 2.174 7.174
12 8.202 2 8.146 6 8.203 7 8.414 689 2.674 9.092
15 10.464 3 10.382 8 10.507 8 10.810 902 3.424 12.045
20 14.234 3 14.108 10 14.357 10 14.808 1158 4.674 17.031
50 40.49 36.858 5 36.463 21 37.461 18 MO 1447 12.174 47.031
100 74.564 7 73.721 43 75.966 29 MO 1419 24.674 97.031

BoxPushing
4 98.59 98.17 98.59 1 98.59 2 98.59 1 98.59 4 −1.69 98.59
5 107.72 107.73 1 107.73 2 107.73 1 107.73 9 −2.67 107.74
6 120.67 119.11 1 119.78 3 115.90 2 120.68 19 −3.73 120.69
7 156.42 155.74 1 155.99 3 155.99 2 155.99 21 −4.84 156.71
8 191.22 189.05 186.86 1 191.07 5 191.20 2 191.23 26 −5.97 191.29
9 210.27 203.87 1 208.48 5 210.26 3 210.26 26 −7.12 210.35

10 223.74 216.98 218.33 1 220.35 4 221.12 3 224.28 29 −8.30 224.51
12 260.64 2 270.01 7 282.70 3 284.15 36 −10.67 284.74
15 310.47 2 316.76 11 342.99 4 349.18 40 −14.31 350.12
20 458.10 468.15 402.46 2 393.19 16 466.34 5 474.97 51 −20.46 476.21
30 636.28 579.44 2 497.20 38 718.76 7 721.28 104 −32.91 722.66
40 774.14 766.74 3 560.54 49 963.02 9 965.09 146 −45.42 966.85
50 1134.70 1201.05 949.75 3 599.58 68 1207.67 9 1209.80 217 −57.94 1211.96
100 2420.26 1864.49 5 651.03 112 2431.40 14 2433.51 445 −120.55 2437.45

FireFight (nh = 3)
4 −6.58 −6.702 1 −6.579 2 −6.586 2 −6.579 6 −9.026 −6.579
5 −7.07 −7.095 1 −7.073 3 −7.096 3 −7.073 17 −10.849 −7.070
6 −7.18 −7.458 1 −7.176 3 −7.379 4 −7.176 29 −12.556 −7.176

10 −7.612 1 −7.176 3 −7.196 2 −7.176 27 −18.413 −7.176
100 −7.612 1 −7.176 3 −7.196 4 −7.176 28 −40.028 −7.176
2000 −7.612 5 −7.176 6 −7.196 15 −7.176 38 −40.130 −7.176

Table 10: Lower bounds, i.e. the value of the policies obtained with different policy-finding algorithms.
MO denotes memout (>16GB), TO denotes timeout (>600s).
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FB-HSVI GA-FSC 2,QMDP,10
3 3,QMDP,10

4 PF-MAA∗ (f) PF-MAA∗ random upper
h value value value time value time value time value time value value

Grid3x3
5 0.89 0.90 1 0.90 1 0.90 3 0.90 12 0.02 0.90
6 1.49 1.49 1 1.49 4 1.49 3 1.49 21 0.03 1.49
7 2.19 2.19 2 2.19 10 2.17 4 2.19 35 0.05 2.19
8 2.96 2.97 3 2.97 15 2.96 5 2.97 54 0.07 2.97
9 3.80 3.80 4 3.80 19 3.80 4 3.81 77 0.09 3.81

10 4.68 4.67 5 4.68 25 4.67 5 4.68 99 0.12 4.69
12 6.51 5 6.51 33 6.50 6 6.53 144 0.16 6.55
15 9.40 7 9.41 56 9.40 7 9.42 217 0.24 9.44
20 14.35 14.35 9 14.35 87 14.34 9 14.37 347 0.36 14.39
30 24.33 24.33 15 24.34 194 24.32 12 24.35 636 0.61 24.38
40 34.33 34.33 19 34.33 315 34.32 15 34.35 950 0.85 34.38
50 44.32 44.33 26 44.33 448 44.32 19 44.35 1176 1.10 44.38
100 94.24 94.33 60 MO 530 94.32 31 94.35 1475 2.34 94.38

Mars
6 18.62 16.99 2 17.84 7 16.99 3 18.62 12 −8.58 18.62
7 20.90 20.71 2 20.71 7 20.60 3 20.90 18 −9.86 20.90
8 22.47 21.59 2 21.59 9 20.65 4 22.48 24 −11.11 22.48
9 24.31 24.11 3 24.13 11 24.02 4 24.32 28 −12.34 24.32

10 26.31 24.63 3 24.63 15 24.44 4 26.31 41 −13.56 26.32
12 31.12 3 31.12 16 31.01 5 32.09 47 −15.98 33.64
15 34.33 4 35.25 21 34.23 6 37.72 74 −19.59 39.48
20 52.13 45.30 6 46.09 40 49.08 7 49.37 119 −25.63 52.71
30 78.09 74.95 7 74.62 94 75.15 7 77.47 263 −37.76 79.31
40 103.52 95.76 9 93.72 266 96.06 10 100.02 382 −49.89 105.86
50 128.95 116.73 17 111.22 440 117.03 10 122.56 638 −62.02 132.41
100 249.92 221.70 30 MO 401 221.75 17 234.07 1091 −122.67 264.85

Hotel
100 502.2 3 502.2 26 502.2 3 502.2 70 −184.6 502.2
500 2502.2 25 MO 36 2502.2 9 2502.2 285 −1095.7 2502.2
1000 MO 31 MO 30 5002.2 21 5002.2 638 −2234.6 5002.2
2000 MO 28 MO 28 10002.2 62 MO 670 −4512.4 10002.2

Recycling
100 308.78 308.79 308.79 4 308.79 38 308.79 5 308.79 106 47.36 308.79
500 1539.56 19 1539.56 232 1539.56 9 1539.56 562 229.32 1539.56
1000 3078.02 52 TO 600 3078.02 15 3078.02 1270 456.77 3078.02
2000 6154.94 174 TO 600 6154.94 32 6154.94 1411 911.68 6154.94

Broadcast
100 90.76 90.29 90.76 2 90.75 27 90.74 4 90.76 57 28.62 90.76
500 450.29 452.72 16 452.73 191 452.69 7 452.73 373 141.53 452.74
1000 903.28 900.29 905.16 42 MO 335 905.09 12 905.18 838 282.68 905.20
2000 1810.02 124 MO 338 1809.87 31 1810.07 1108 564.98 1810.13

FireFight (nh = 4)
4 −14.121 1 −14.107 3 −14.107 7 −14.107 40 −16.424 −14.107
5 −17.091 2 −17.049 7 −17.081 11 −16.848 740 −20.580 −16.835
6 −19.550 2 −19.599 9 −19.495 12 −19.092 1226 −24.746 −19.039

10 −23.932 3 −24.455 17 −22.929 9 −22.995 1603 −41.422 −22.807
12 −24.760 4 −25.913 27 −23.847 13 −23.831 1640 −49.741 −23.392
15 −25.723 4 −27.349 41 −24.419 20 −24.392 1666 −62.172 −23.589
20 −26.969 5 −28.587 60 −24.818 30 TO 1800 −82.746 −23.639
30 −27.954 7 −30.645 97 −25.053 56 TO 1800 −123.321 −23.639
40 −28.264 9 −31.442 137 −25.087 79 TO 1800 −163.135 −23.639
50 −28.349 10 −31.782 180 −25.092 100 TO 1800 −202.201 −23.639

Table 11: Lower bounds, i.e. the value of the policies obtained with different policy-finding algorithms.
MO denotes memout (>16GB), TO denotes timeout (>600s).
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FB-HSVI RS-MAA∗ (f) RS-MAA∗ TR-MAA∗ (f) TR-MAA∗ lower MDP
h value value time value time value time value time value value

DecTiger
6 10.39 10.38 <1 10.38 <1 10.38 2 10.38 1 10.38 120.00
7 10.00 9.99 2 9.99 2 13.39 120 9.99 2 9.99 140.00
8 12.23 12.22 2 12.22 3 21.24 120 12.22 23 12.22 160.00
9 15.58 15.57 8 15.57 9 27.42 120 16.32 818 15.57 180.00

10 15.19 15.30 120 15.18 594 34.32 120 20.23 914 15.18 200.00
12 20.76 120 20.76 772 48.44 120 27.87 698 20.76 240.00
15 27.49 120 25.95 1800 69.62 120 39.03 974 25.95 300.00
20 38.28 120 38.28 262 104.90 120 57.02 272 29.12 400.00
30 59.47 120 59.47 253 175.49 120 91.55 550 51.91 600.00
40 80.35 120 80.35 243 246.08 120 127.00 280 67.09 800.00
50 101.32 120 101.32 261 316.66 120 161.55 552 81.03 1000.00
100 206.44 120 206.44 260 669.55 120 337.00 266 170.91 2000.00

Grid
4 2.25 2.242 1 2.242 1 2.242 2 2.242 2 2.242 2.865
5 2.98 2.970 5 2.970 5 2.970 4 2.970 13 2.970 3.834
6 3.72 3.717 72 3.717 82 3.717 12 3.717 52 3.720 4.820
7 4.48 TO 120 MO 455 4.549 120 4.474 241 4.474 5.814
8 5.24 TO 120 MO 492 5.458 120 5.328 681 5.248 6.811
9 6.04 TO 120 MO 499 6.393 120 6.237 775 6.032 7.809

10 TO 120 MO 513 7.349 120 7.174 714 6.821 8.809
12 TO 120 MO 512 9.300 120 9.092 788 8.414 10.808
15 TO 120 MO 451 12.269 120 12.045 864 10.810 13.808
20 TO 120 MO 523 17.258 120 17.031 941 14.808 18.808
50 TO 120 MO 490 47.257 120 47.272 1415 40.490 48.808
100 TO 120 MO 440 97.257 120 MO 1196 75.966 98.808

BoxPushing
4 98.60 98.59 11 98.59 12 98.59 12 98.59 11 98.59 106.43
5 107.73 107.74 120 107.74 1800 107.77 120 107.74 1800 107.73 118.77
6 120.68 120.73 120 120.69 921 120.78 120 120.69 916 120.68 131.19
7 156.43 156.73 120 156.71 480 156.82 120 156.71 460 156.42 163.94
8 191.23 191.29 120 191.29 412 191.31 120 191.31 198 191.23 203.42
9 210.28 210.35 120 210.35 549 210.61 120 210.41 576 210.27 228.75

10 223.75 TO 120 224.51 872 226.79 120 224.62 265 224.28 244.85
12 TO 120 MO 606 285.58 120 284.74 240 284.15 302.73
15 TO 120 MO 605 353.50 120 350.12 624 349.18 377.12
20 TO 120 MO 624 479.12 120 476.21 259 474.97 511.13
30 TO 120 MO 644 725.74 120 722.66 271 721.28 777.61
40 TO 120 MO 632 971.26 120 966.85 314 965.09 1042.03
50 TO 120 MO 645 1217.23 120 1211.96 362 1209.80 1306.24
100 TO 120 MO 637 2446.86 120 2437.45 645 2433.51 2628.14

FireFight (nh = 3)
4 −6.579 1 −6.579 1 −6.579 3 −6.579 2 −6.579 −4.282
5 −7.070 9 −7.070 10 −7.070 7 −7.070 58 −7.070 −4.342
6 −7.176 63 −7.176 70 −7.176 3 −7.176 97 −7.176 −4.355

10 TO 120 MO 614 −7.176 4 −7.176 192 −7.176 −4.363
100 TO 120 MO 619 −7.176 17 MO 1798 −7.176 −4.363
2000 TO 120 MO 745 TO 120 MO 1460 −7.176 −4.363

Table 12: Upper bounds on the value of optimal policies, obtained with algorithms that find such bounds.
TO and MO denote timeout (>120s for the fast configuration) and memout (>16GB).
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FB-HSVI RS-MAA∗ (f) RS-MAA∗ TR-MAA∗ (f) TR-MAA∗ lower MDP
h value value time value time value time value time value value

Grid3x3
5 0.90 0.90 1 0.90 1 0.90 3 0.90 3 0.90 0.94
6 1.50 1.49 9 1.49 8 1.49 10 1.49 12 1.49 1.58
7 2.20 2.19 120 2.19 209 2.19 120 2.19 205 2.19 2.31
8 2.97 2.97 120 2.97 469 2.97 120 2.97 490 2.97 3.12
9 3.81 3.82 120 3.81 437 3.81 120 3.81 508 3.81 3.98

10 4.69 4.70 120 4.70 486 4.70 120 4.69 515 4.68 4.88
12 6.55 120 6.55 489 6.55 120 6.55 517 6.53 6.76
15 9.45 120 9.45 484 9.45 120 9.44 601 9.42 9.67
20 14.36 14.40 120 14.39 574 14.40 120 14.39 714 14.37 14.63
30 24.34 24.39 120 24.38 797 24.39 120 24.38 943 24.35 24.62
40 34.39 120 34.38 662 TO 120 34.38 1197 34.35 34.62
50 44.39 120 44.38 733 TO 120 44.38 1482 44.35 44.62
100 94.39 120 94.38 1115 TO 120 TO 1800 94.35 94.62

Mars
6 18.63 18.62 3 18.62 3 18.62 4 18.62 5 18.62 20.07
7 20.91 20.90 5 20.90 5 20.90 6 20.90 22 20.90 21.17
8 22.48 22.48 33 22.48 34 22.48 23 22.48 33 22.48 23.65
9 24.32 24.32 120 24.32 72 24.32 8 24.32 44 24.32 25.70

10 26.32 26.32 120 26.32 1800 26.36 120 26.32 344 26.31 28.61
12 33.85 120 33.64 1800 33.96 120 33.85 807 32.09 36.11
15 39.56 120 39.48 365 39.63 120 39.49 1529 37.72 43.02
20 52.86 120 52.71 748 52.94 120 52.77 687 52.13 57.52
30 79.50 120 79.50 195 79.62 120 79.31 720 78.09 86.65
40 106.16 120 106.16 212 106.32 120 105.86 683 103.52 115.85
50 132.82 120 132.82 249 133.04 120 132.41 742 128.95 144.97
100 287.46 120 265.73 374 266.28 120 264.85 1279 249.92 288.97

Hotel
100 502.2 3 502.2 3 502.2 3 502.2 8 502.2 502.8
500 2502.2 12 2502.2 13 2502.2 9 2502.2 31 2502.2 2502.8
1000 5002.2 25 5002.2 27 5002.2 16 5002.2 63 5002.2 5002.8
2000 10002.2 53 10002.2 58 10002.2 38 10002.2 129 10002.2 10002.8

Recycling
100 308.79 308.79 1 308.79 1 309.43 120 308.79 6 308.79 328.37
500 1539.56 23 1539.56 25 1549.81 120 1541.49 278 1539.56 1637.46
1000 3078.02 47 3078.02 52 3100.25 120 3083.30 289 3078.02 3273.83
2000 6155.16 120 6154.94 324 6201.15 120 6166.91 283 6154.94 6546.55

Broadcast
100 90.77 90.76 2 90.76 2 90.83 120 90.76 94 90.76 95.56
500 452.74 27 452.74 28 457.46 120 456.89 101 452.73 476.61
1000 905.20 120 905.20 175 915.70 116 914.50 105 905.18 952.93
2000 TO 120 1810.13 319 1832.19 120 1829.73 106 1810.07 1905.56

FireFight (nh = 4)
4 −14.107 13 −14.107 14 −14.107 26 −14.107 15 −14.107 −9.943
5 TO 120 −16.835 599 −16.835 64 MO 1262 −16.848 −11.067
6 TO 120 MO 795 −19.039 118 MO 1321 −19.092 −11.759

10 TO 120 MO 763 −22.807 120 MO 1051 −22.929 −12.424
12 TO 120 MO 756 −23.392 120 MO 1288 −23.831 −12.451
15 TO 120 MO 728 −23.589 120 MO 1319 −24.392 −12.458
20 TO 120 MO 771 −23.639 120 MO 1224 −24.818 −12.459
30 TO 120 MO 763 −23.547 120 MO 1334 −25.053 −12.459
40 TO 120 MO 785 −23.482 120 MO 1079 −25.087 −12.459
50 TO 120 MO 778 −20.648 120 MO 1241 −25.092 −12.459

Table 13: Upper bounds on the value of optimal policies, obtained with algorithms that find such bounds.
TO and MO denote timeout (>120s for the fast configuration) and memout (>16GB).
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C Contribution Statement

We first list the key new ideas introduced in this thesis compared to the two conference papers
[Koops et al., 2023; Koops et al., 2024] on which this thesis is (partially) based:

• The simpler definition of lossless clustering for sliding window memory, using a new insight
that we proved in Lemma 4.9.

• The idea of regret computations introduced in Section 5.6.2.

• The faster precomputation of the QBG heuristic (Section 6.1).

• The result that Q1,∞ and QPOMDP are equal (Theorem 7.3).

• The aperiodic terminal reward heuristics (Section 9.1.2).

Detailed overview. Finally, we give a detailed overview of the relation between this thesis and
the two papers [Koops et al., 2023; Koops et al., 2024].

• Section 1 (the introduction) was written specifically for the thesis.

• Section 2 (on POMDPs) was written specifically for the thesis.

• Section 3 (on Dec-POMDPs): Section 3.1 and 3.7 incorporate material from Section 2 of
Koops et al. [2023] and Section 2 of Koops et al. [2024]. The remainder of this section was
written specifically for the thesis.

• Section 4 (on clustering) is based on Section 3 and Appendix A of Koops et al. [2024].

• Section 4.1: the definitions and some surrounding text are from Section 3 of Koops et
al. [2024]; the examples and the paragraph on storing incremental clusterings are new.

• Section 4.2 is a revised version of material from Appendix A of Koops et al. [2024].

• Section 4.3 is written specifically for this thesis, but incorporates some material based
on Appendix A of Koops et al. [2024].

• Section 4.4 is an expanded version of material from Section 3 of Koops et al. [2024].

• Section 4.5 is a revised/expanded version of material from Section 3 and Appendix A
of Koops et al. [2024]. Lemma 4.9 is new, which leads to simpler definition of lossless
clustering of sliding window memory than presented in Koops et al. [2024].

• Section 4.6 is an expanded version of material from Section 3 and Appendix A of Koops
et al. [2024]. In particular, Lemma 4.16 is new.

• Section 5 (on MAA∗) is primarily based on Section 3 of Koops et al. [2023] and Section 4
of Koops et al. [2024]. Section 5.1, 5.2, 5.3 and 5.4 are written specifically for this thesis,
although Section 5.2 incorporates some material based on Section 3 of Koops et al. [2023].
Section 5.5 is a revised/combined version of Section 3 of Koops et al. [2023] and Section 4
of Koops et al. [2024]; the detailed comparison to GMAA∗-ICE is new. The idea presented
in Section 5.6.1 was first mentioned in Section 6 of Koops et al. [2023], but has been worked
out in more detail here. The idea presented in Section 5.6.2 is new.

• Section 6 (on heuristics): Section 6.1, 6.2 and 6.4 are newly written for this thesis, and the
faster precomputation of the QBG heuristic is a novel contribution in this thesis. The general
framework introduced in Section 6.3 was first introduced in Section 6 of Koops et al. [2024].
However, the information function and the application to precomputed heuristics are new.
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• Section 7 (on RS-MAA∗) is based on Koops et al. [2023]. Specifically, Section 7.1 is based on
Section 4 of Koops et al. [2023], but is rewritten to define heuristics in terms of the general
framework introduced in Section 6.3. Section 7.2 is based on Section 5 and 6 of Koops et
al. [2023], but the result that Q1,∞ and QPOMDP are equal (Theorem 7.3) is new. Finally,
Section 7.3 is a revised version of a paragraph from Section 6 of Koops et al. [2023].

• Section 8 (on PF-MAA∗) is a revised version of Section 5 and Appendix C and D of Koops
et al. [2024]. However, we provide a more thorough discussion of properties which make a
heuristic useful for policy-finding in Section 8.2.

• Section 9 (on TR-MAA∗) is based on Section 6 and Appendix D of Koops et al. [2024].
However, the terminal reward heuristics (Section 9.1.1) are formalized and explained in
much more detail in the thesis. The aperiodic terminal reward heuristics (Section 9.1.2) are
a novel contribution in this thesis.

• Section 10 (the empirical evaluation) is based on Section 7 of Koops et al. [2023] and Section 7
and Appendix E of Koops et al. [2024].

• Section 10.1: The overview table and the description of the benchmarks are written
specifically for this thesis, while the remainder is from Koops et al. [2023].

• Section 10.2 is written specifically for this thesis, although some experiments for GMAA∗-
ICE we also done for Koops et al. [2023].

• Section 10.3 based on Section 7 of Koops et al. [2023], but the experiments for the
regret computations are new.

• Section 10.4 is a revised version of Section 7 and Appendix E of Koops et al. [2024].

• Section 10.5 is a revised version of Section 7 and Appendix E of Koops et al. [2024],
but we present new results using the aperiodic terminal reward heuristics and adapt
the discussion accordingly.

• Section 11 (on related work) is a revised/expanded version of the related work section of
Koops et al. [2024], with some additions from the related work from Koops et al. [2023].

• Section 12 (the conclusion) was written specifically for this thesis.

• Appendix A (proofs): Appendix A.1, A.2.1, A.2.2 and A.2.7 are new, while Appendix A.2.3,
A.2.4, A.2.5, A.2.6 and A.3 are from Appendix A and C of Koops et al. [2024].

• Appendix B (further empirical results) is similar to the tables provided in Appendix E of
Koops et al. [2024], but contain new results for the aperiodic terminal reward heuristics.

• Appendix C was written specifically for this thesis.

Figures: Figure 1, 2 and 5 are based on a figure provided to me by dr. Thiago D. Simão. In
addition, dr. Thiago D. Simão also provided Figure 10 (which was included in Koops et al. [2023]).
The other figures have been produced by myself.
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