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A	
  Constraint	
  Network	
  and	
  its	
  Search	
  Graphs	
  

A 

E 

C 

B 

F 

D 

A B C RABC 
0 0 0 1 
0 0 1 1 
0 1 0 0 
0 1 1 1 
1 0 0 1 
1 0 1 1 
1 1 0 1 
1 1 1 0 

B C D RBCD 
0 0 0 1 
0 0 1 1 
0 1 0 1 
0 1 1 0 
1 0 0 1 
1 0 1 0 
1 1 0 1 
1 1 1 1 

A B E RABE 
0 0 0 1 
0 0 1 0 
0 1 0 1 
0 1 1 1 
1 0 0 0 
1 0 1 1 
1 1 0 1 
1 1 1 0 

A E F RAEF 
0 0 0 0 
0 0 1 1 
0 1 0 1 
0 1 1 1 
1 0 0 1 
1 0 1 1 
1 1 0 1 
1 1 1 0 

Full OR search tree  

126 nodes 

0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 

C 
D 

F 
E 

B 
A 0 1 

Context minimal OR search graph 

28 nodes 

0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 

0 1 

0 1 0 1 

0 1 0 1 

C 
D 

F 
E 

B 
A 0 1 

Context minimal AND/OR search graph 

18 AND nodes 

A OR 
0 AND 
B OR 

0 AND 
OR E 

OR F F 
AND 0 1 

AND 0 1 

C 

D D 

0 1 

0 1 

1 

E C 

D D 

0 1 

1 

B 

0 

E 

F F 

0 1 

C 
1 

E C 

Full AND/OR search tree 

54 AND nodes 

A OR 
0 AND 
B OR 

0 AND 
OR E 

OR F F 
AND 0 1 0 1 

AND 0 1 

C 

D D 
0 1 0 1 

0 1 

1 

E 

F F 
0 1 0 1 

0 1 

C 

D D 
0 1 0 1 

0 1 

1 

B 

0 

E 

F F 
0 1 0 1 

0 1 

C 

D D 
0 1 0 1 

0 1 

1 

E 

F F 
0 1 0 1 

0 1 

C 

D D 
0 1 0 1 

0 1 

Context-Minimal 
AND/OR Graph 



AND/OR	
  Search	
  Tree	
  for	
  Constraint	
  Networks	
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Full AND/OR search tree 

54 AND nodes 

A OR 
0 AND 
B OR 

0 AND 
OR E 

OR F F 
AND 0 1 0 1 

AND 0 1 
C 

D D 
0 1 0 1 

0 1 

1 
E 

F F 
0 1 0 1 

0 1 

C 

D D 
0 1 0 1 

0 1 

1 
B 

0 
E 

F F 
0 1 0 1 

0 1 
C 

D D 
0 1 0 1 

0 1 

1 
E 

F F 
0 1 0 1 

0 1 
C 

D D 
0 1 0 1 

0 1 

Taking the constraints  
into account 



Weighted	
  AND/OR	
  Search	
  Tree	
  	
  
and	
  	
  Context	
  Minimal	
  Graph	
  for	
  
Cost	
  Networks	
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  Three	
  	
  Treewidths	
  

n  Treewidth:	
  tw	
  
n  SemanDc	
  Treewidth:	
  stw	
  
n  SemanDc	
  AOMDD	
  width:	
  AO-­‐w	
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n  Background	
  in	
  Graphical	
  models	
  
n  AND/OR	
  search	
  trees	
  and	
  Graphs	
  
n  Minimal	
  AND/OR	
  graphs	
  
n  From	
  AND/OR	
  search	
  graphs	
  to	
  AOMDDs	
  
n  CompilaDon	
  of	
  AOMDDs	
  
n  SemanDc	
  Width	
  
n  Empirical	
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A 	
  B	
  
red 	
  green 	
  	
  
red 	
  yellow 	
  	
  
green 	
  red 	
  	
  
green 	
  yellow 	
  	
  
yellow 	
  green 	
  	
  
yellow	
   	
  red 	
  	
  

	
   	
  	
  

Map	
  coloring	
  
	
  

	
  	
  Variables: 	
  countries	
  (A	
  B	
  C	
  etc.)	
  
	
  

	
  	
  Values:	
   	
  colors	
  (red	
  green	
  blue)	
  
	
  

	
  	
  Constraints:	
   	
  	
   ... , ED  D,  AB,A ≠≠≠

C	
  

A	
  

B	
  

D	
  
E	
  

F	
  
G	
  

Constraint	
  Networks	
  	
  

Constraint	
  graph	
  

A	
  

B	
  
D	
  

C	
  
G	
  

F	
  

E	
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Bayesian	
  Networks	
  

Smoking	
  

BronchiDs	
  Cancer	
  

X-­‐Ray	
  

Dyspnoea	
  

P(S)	
  

P(B|S)	
  

P(D|C,B)	
  

P(C|S)	
  

P(X|C,S)	
  

P(S,C,B,X,D)	
  =	
  P(S)·∙	
  P(C|S)·∙	
  P(B|S)·∙	
  P(X|C,S)·∙	
  P(D|C,B)	
  

C B D=0 D=1 

0 0 0.1 0.9 

0 1 0.7 0.3 

1 0 0.8 0.2 

1 1 0.9 0.1 

P(D|C,B)	
  

BN	
  =	
  (X,D,G,P)	
  

A counting query: probability of evidence 
Optimization query: MPE 
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Mixed	
  ProbabilisDc	
  and	
  DeterminisDc	
  networks	
  

P(C|W) P(B|W) 

P(W) 

P(A|W) 

W 

B A C 

Query: 
Is it likely that Chris goes to the 
party if Becky does not but the 
weather is bad? 

PN CN 

),,|,( ACBAbadwBCP →→=¬

A→B C→A 
B A C P(C|W) P(B|W) 

P(W) 

P(A|W) 

W 

B A C 

A→B C→A 
B A C 

W A P(A|W) 

good 0 .01 

good 1 .99 

bad 0 .1 

bad 1 .9 
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n  A	
  graphical	
  model	
  	
  (X,D,F):	
  
n  X	
  =	
  {X1,…Xn}	
   	
  variables	
  
n  D	
  =	
  {D1,	
  …	
  Dn}	
   	
  domains	
  
n  F	
  =	
  {f1,…,fm} 	
  funcDons

	
  	
  

n  Operators: 	
  	
  
n  combinaDon	
   	
   	
  	
  
n  eliminaDon	
  (projecDon)	
  

n  Tasks:	
  
n  Belief	
  upda:ng:	
  ΣX-­‐y	
  ∏j	
  Pi	
  	
  
n  MPE:	
  maxX	
  ∏j	
  Pj	
  
n  CSP:	
  ∏X	
  ×j	
  Cj	
  
n  Max-­‐CSP:	
  minX	
  Σj	
  fj	
  

Graphical	
  Models	
  

)(   :   CAFfi +==

A	
  

D	
  

B	
  
C	
  

E	
  

F	
  

n  All	
  these	
  tasks	
  are	
  NP-­‐hard	
  
n  exploit	
  problem	
  structure	
  
n  idenDfy	
  special	
  cases	
  
n  approximate	
  

A C F P(F|A,C) 
0 0 0 0.14 
0 0 1 0.96 
0 1 0 0.40 
0 1 1 0.60 
1 0 0 0.35 
1 0 1 0.65 
1 1 0 0.72 
1 1 1 0.68 

Primal	
  graph	
  
(interacDon	
  graph)	
  

A C F 
red green blue 
blue red red 
blue blue green 

green red blue 

RelaDon	
  



Sample	
  ApplicaDons	
  for	
  Graphical	
  Models	
  

Harvard,	
  10/12	
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Classic	
  OR	
  Search	
  Space	
  

0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 

E 

C 

F 

D 

B 

A 0 1 

Ordering: A B E C D F 

A 

D 

B C 

E 

F 



AND/OR	
  Search	
  Space	
  

A OR 

0 AND 1 

B OR B 

0 AND 1 0 1 

E OR C E C E C E C 

OR D F D F D F D F D F D F D F D F 

AND 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

AND 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

A 

D 

B C 

E 

F 

Primal graph DFS tree 

A 

D 

B C 

E 

F 

A 

D 

B 

C E 

F 



AND/OR	
  vs.	
  OR	
  
A OR 

0 AND 1 

B OR B 

0 AND 1 0 1 

E OR C E C E C E C 

OR D F D F D F D F D F D F D F D F 

AND 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

AND 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

E 0 1 0 1 0 1 0 1 

0 C 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

F 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

D 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 B 1 0 1 

A 0 1 

E 0 1 0 1 0 1 0 1 

0 C 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

F 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

D 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 B 1 0 1 

A 0 1 

AND/OR 

OR 

A 

D 

B C 

E 

F 
A 

D 

B 

C E 

F 

1 

1 

1 

0 

1 

0 

AND/OR size: exp(4),  
OR size exp(6) 



AND/OR	
  vs.	
  OR	
  
with	
  Constraints	
  

E 0 1 0 1 0 1 

C 1 1 0 1 0 1 1 1 

F 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

D 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 B 1 0 

A 0 1 

A OR 

0 AND 1 

B OR B 

0 AND 1 0 

E OR C E C E C 

OR D F D F D F D F 

AND 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

AND 1 0 1 0 1 0 1 1 0 1 

E 0 1 0 1 0 1 

C 1 1 0 1 0 1 1 1 

F 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

D 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 B 1 0 

A 0 1 

E 0 1 0 1 0 1 

C 1 1 0 1 0 1 1 1 

F 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

D 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 B 1 0 

A 0 1 

AND/OR 

OR 

A 

D 

B C 

E 

F 
A 

D 

B 

C E 

F 

No-goods 
(A=1,B=1) 
(B=0,C=0) 



CounDng	
  SoluDons	
  by	
  DFS	
  traversal	
  
(Sum-­‐Product	
  Networks)	
  

A 

0 

B 

0 

E C 

D F D F 

0 1 0 1 0 1 0 1 

OR 

AND 

OR 

AND 

OR 

OR 

AND 

AND 0 1 0 1 

A 

D 

B C 

E 

F 

AND node: Combination operator (product) 
OR node: Marginalization operator (summation) 

A 

D 

B 

C E 

F 

1 1 1 0 1 1 0 

1 

0 

2 1 

2 

2 0 

0 

2 

1 

2 

4 

B 

1 

1 0 1 

E C E C E C 

D F D F D F D F D F D F 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 

1 0 1 0 0 1 0 

1 

0 

1 1 

1 

1 0 

0 

1 

0 

1 

1 

1 1 1 0 1 1 1 

1 

0 

2 1 

2 

2 1 

2 

4 

0 

1 

4 

1 0 1 0 0 1 1 

0 

0 

1 1 

1 

1 1 

1 

2 

1 

1 

2 

5 6 

11 

6 5 

Value of node = number of solutions below it 

solutions 



	
  
Weighted	
  AND/OR	
  Search	
  Tree	
  for	
  a	
  Cost	
  Network	
  

( ) ( )∑
=

Χ=Χ
9

1i
iff

A 

E 

C 

B 

F 

D 

Objective function: 

A 

D 

B 

E C 

F 

A 

0 

B 

0 

E 

F F 

0 1 0 1 

OR 

AND 

OR 

AND 

OR 

OR 

AND 

AND 0 1 

C 

D D 

0 1 0 1 

0 1 

1 

E 

F F 

0 1 0 1 

0 1 

C 

D D 

0 1 0 1 

0 
1 

5 6 4 2 3 0 2 2 

5 

3 1 3 5 

2 

2 4 1 0 3 0 2 2 

5 4 1 3 

0 

1 

w(A,0) = 0 w(A,1) = 0 

A B f1 
0 0 2 
0 1 0 
1 0 1 
1 1 4 

A C f2 
0 0 3 
0 1 0 
1 0 0 
1 1 1 

A E f3 
0 0 0 
0 1 3 
1 0 2 
1 1 0 

A F f4 
0 0 2 
0 1 0 
1 0 0 
1 1 2 

B C f5 
0 0 0 
0 1 1 
1 0 2 
1 1 4 

B D f6 
0 0 4 
0 1 2 
1 0 1 
1 1 0 

B E f7 
0 0 3 
0 1 2 
1 0 1 
1 1 0 

C D f8 
0 0 1 
0 1 4 
1 0 0 
1 1 0 

E F f9 
0 0 1 
0 1 0 
1 0 0 
1 1 2 

23	
  

The cost of a solution is 
The sum cost of weights 
Of the solution tree 



OpDmizing	
  	
  over	
  Weighted	
  AND/OR	
  Tree	
  for	
  a	
  Cost	
  Network	
  

( ) ( )∑
=

Χ=Χ
9

1i
iff

A 

E 

C 

B 

F 

D 

Objective function: 

A 

D 

B 

E C 

F 

A 

0 

B 

0 

E 

F F 

0 1 0 1 

OR 

AND 

OR 

AND 

OR 

OR 

AND 

AND 0 1 

C 

D D 

0 1 0 1 

0 1 

1 

E 

F F 

0 1 0 1 

0 1 

C 

D D 

0 1 0 1 

0 1 

5 6 4 2 3 0 2 2 

5 2 0 2 

5 2 0 2 

3 3 

6 

5 

5 

5 

3 1 3 5 

2 

2 4 1 0 3 0 2 2 

2 0 0 2 

2 0 0 2 

4 1 

5 

5 4 1 3 

0 

1 

w(A,0) = 0 w(A,1) = 0 

Node Value 
(bottom-up evaluation) 

 
OR – minimization 
AND – summation 

A B f1 
0 0 2 
0 1 0 
1 0 1 
1 1 4 

A C f2 
0 0 3 
0 1 0 
1 0 0 
1 1 1 

A E f3 
0 0 0 
0 1 3 
1 0 2 
1 1 0 

A F f4 
0 0 2 
0 1 0 
1 0 0 
1 1 2 

B C f5 
0 0 0 
0 1 1 
1 0 2 
1 1 4 

B D f6 
0 0 4 
0 1 2 
1 0 1 
1 1 0 

B E f7 
0 0 3 
0 1 2 
1 0 1 
1 1 0 

C D f8 
0 0 1 
0 1 4 
1 0 0 
1 1 0 

E F f9 
0 0 1 
0 1 0 
1 0 0 
1 1 2 

24	
  



Weighted	
  AND/OR	
  Tree	
  for	
  Bayesian	
  Network	
  	
  

0 

A 

B 

0 

E 

OR 

AND 

OR 

AND 

OR 

AND 

C 

0 

OR 

AND 

D 

0 1 

1 

D 

0 1 

0 1 

1 

E C 

0 

D 

0 1 

1 

D 

0 1 

0 1 

1 

B 

0 

E C 

0 

D 

0 1 

1 

D 

0 1 

0 1 

1 

E C 

0 

D 

0 1 

1 

D 

0 1 

0 1 

A 

D 

B C 

E 

A 

D 

B 

C E 

B C D=0 D=1 
0 0 .2 .8 
0 1 .1 .9 
1 0 .3 .7 
1 1 .5 .5 

),|( CBDP

.7 .8 .9 .5 .7 .8 .9 .5 

Evidence: D=1 

A B E=0 E=1 
0 0 .4 .6 
0 1 .5 .5 
1 0 .7 .3 
1 1 .2 .8 

),|( BAEP

Evidence: E=0 

.4 .5 .7 .2 

A B=0 B=1 
0 .4 .6 
1 .1 .9 

)|( ABP
A C=0 C=1 
0 .2 .8 
1 .7 .3 

)|( ACP
A P(A) 
0 .6 
1 .4 

)(AP

.2 .8 .2 .8 .1 .9 .1 .9 

.4 .6 .1 .9 

.6 .4 



Weighted	
  AND/OR	
  Tree	
  for	
  Bayesian	
  Network	
  	
  
(Sum-­‐Product	
  Networks)	
  

AND node: Combination operator (product) 

OR node: Marginalization operator (summation) 

Value of node = updated belief for sub-problem below 

0 

A 

B 

0 

E 

OR 

AND 

OR 

AND 

OR 

AND 

C 

0 

OR 

AND 

D 

0 1 

1 

D 

0 1 

0 1 

1 

E C 

0 

D 

0 1 

1 

D 

0 1 

0 1 

1 

B 

0 

E C 

0 

D 

0 1 

1 

D 

0 1 

0 1 

1 

E C 

0 

D 

0 1 

1 

D 

0 1 

0 1 

A 

D 

B C 

E 

A 

D 

B 

C E 

B C D=0 D=1 
0 0 .2 .8 
0 1 .1 .9 
1 0 .3 .7 
1 1 .5 .5 

),|( CBDP

.7 .8 .9 .5 .7 .8 .9 .5 

Evidence: D=1 

A B E=0 E=1 
0 0 .4 .6 
0 1 .5 .5 
1 0 .7 .3 
1 1 .2 .8 

),|( BAEP

Evidence: E=0 

.4 .5 .7 .2 

A B=0 B=1 
0 .4 .6 
1 .1 .9 

)|( ABP
A C=0 C=1 
0 .2 .8 
1 .7 .3 

)|( ACP
A P(A) 
0 .6 
1 .4 

)(AP

.2 .8 .2 .8 .1 .9 .1 .9 

.4 .6 .1 .9 

.6 .4 

.8 .9 

.8 .9 

.7 .5 

.7 .5 

.8 .9 

.8 .9 

.7 .5 

.7 .5 

.4 .5 .7 .2 .88 .54 .89 .52 

.352 .27 .623 .104 

.3028 .1559 

.24408 

.3028 .1559 

Result:   P(D=1,E=0) 



Pseudo-­‐Trees	
  	
  
(Freuder	
  85,	
  Bayardo	
  95,	
  Bodlaender	
  and	
  Gilbert,	
  91)	
  

(a) Graph 

4 6 1 

3 2 7 5 

(b) DFS tree 
depth=3 

(c) pseudo- tree 
depth=2 

(d) Chain 
depth=6 

4 6 

1 

3 

2 7 

5 2 7 

1 

4 

3 5 

6 

4 

6 

1 

3 

2 

7 

5 

h <= w* log n  



Complexity	
  of	
  AND/OR	
  Tree	
  Search	
  

AND/OR tree OR tree 

Space O(n) O(n) 

Time 

O(n kh) 
O(n kw* log n) 

 
(Freuder & Quinn85), (Collin, Dechter & Katz91),  
(Bayardo & Miranker95), (Darwiche01) 

O(kn) 
 

k  = domain size 
h = depth of pseudo-tree 
n  = number of variables 
w*= treewidth 29	
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Tasks	
  and	
  value	
  of	
  nodes	
  

n  V(	
  n)	
  is	
  the	
  value	
  of	
  the	
  tree	
  T(n)	
  for	
  the	
  task:	
  
n  CounDng:	
  	
  v(n)	
  	
  is	
  number	
  of	
  soluDons	
  in	
  T(n)	
  	
  
n  Consistency:	
  	
  v(n)	
  	
  is	
  0	
  if	
  T(n)	
  	
  inconsistent,	
  1	
  othewise.	
  
n  Op:miza:on:	
  v(n)	
  	
  is	
  the	
  op:mal	
  solu:on	
  in	
  T(n)	
  
n  Belief	
  upda:ng:	
  v(n),	
  probability	
  of	
  evidence	
  in	
  T(n).	
  
n  Par::on	
  func:on:	
  v(n)	
  is	
  the	
  total	
  	
  probability	
  in	
  T(n).	
  	
  

n  Goal:	
  	
  compute	
  	
  	
  the	
  value	
  of	
  the	
  root	
  node	
  recursively	
  using	
  dfs	
  search	
  of	
  
the	
  AND/OR	
  tree.	
  

n  Theorem:	
  Complexity	
  of	
  AO	
  dfs	
  search	
  is	
  
n  Space:	
   	
  O(n)	
  
n  Time: 	
  	
  O(n	
  km)	
  
n  Time: 	
  O(exp(w*	
  log	
  n))	
  

	
  



From	
  Search	
  Trees	
  to	
  Search	
  Graphs	
  

n  Any	
  two	
  nodes	
  	
  that	
  root	
  idenDcal	
  subtrees	
  (subgraphs)	
  
can	
  be	
  merged	
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From	
  AND/OR	
  Tree	
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To	
  an	
  AND/OR	
  Graph	
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A	
  Bayesian	
  Network	
  	
  AND/OR	
  Search	
  Tree	
  

.8 .9 .7 .7 .8 

AND node: Combination operator (product) 
OR node: Marginalization operator (summation) 

Value of node = updated belief for sub-problem below 

0 
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Result:   P(D=1,E=0) 
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AND/OR	
  Graph	
  DFS	
  Algorithm	
  
(Belief	
  UpdaDng)	
  

.7 .8 

0 

A 

B 

0 

E C 

0 

D 

0 1 

1 

D 

0 1 

0 1 

1 

E C 

0 

D 

0 1 

1 

D 

0 1 

0 1 

1 

B 

0 

E C 

0 1 0 1 

1 

E C 

0 1 0 1 

A 

D 

B C 

E 

B C D=0 D=1 
0 0 .2 .8 
0 1 .1 .9 
1 0 .3 .7 
1 1 .5 .5 

),|( CBDP.7 .8 .9 .5 

Evidence: D=1 

A B E=0 E=1 
0 0 .4 .6 
0 1 .5 .5 
1 0 .7 .3 
1 1 .2 .8 

),|( BAEP

Evidence: E=0 

.4 .5 .7 .2 

A B=0 B=1 
0 .4 .6 
1 .1 .9 

)|( ABP
A C=0 C=1 
0 .2 .8 
1 .7 .3 

)|( ACP
A P(A) 
0 .6 
1 .4 

)(AP

.2 .8 .2 .8 .1 .9 .1 .9 

.4 .6 .1 .9 

.6 .4 

.9 

.8 .9 

.5 

.7 .5 .8 .9 .7 .5 

.4 .5 .7 .2 .88 .54 .89 .52 

.352 .27 .623 .104 

.3028 .1559 

.24408 

.3028 .1559 

A 

D 

B 

C E 

[ ] 

[A] 

[AB] 

[BC] 

[AB] 

Context 
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Cache table for D 

Result:   P(D=1,E=0) 



n  Caching	
  is	
  possible	
  when	
  context	
  is	
  the	
  same	
  

n  context 	
  = 	
  parent-­‐separator	
  set	
  in	
  induced	
  pseudo-­‐graph	
  
	
  = 	
  current	
  variable	
  +	
  	
  
	
   	
  ancestors	
  connected	
  to	
  subtree	
  below	
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G H 

J 
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K 

context(B) = {A, B} 

context(C) = {A,B,C} 

context(D) = {D} 

context(F) = {F} 

AND/OR	
  Context	
  Minimal	
  Graph	
  
	
  



All	
  Four	
  Search	
  Spaces	
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Two	
  AND/OR	
  Context-­‐Minimal	
  Graphs	
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What is a 
good 
pseudo-tree? 
How to find a 
good  one? 

W=4,h=8 

W=5,h=6 

HUJI	
  2012	
  

Min-Fill 
(Kjaerulff90) 
 

Hypergraph 
 Partitioning 
(h-Metis) 



Complexity	
  of	
  AND/OR	
  Graph	
  Search	
  

AND/OR graph OR graph 

Space O(n kw*) O(n kpw*) 

Time O(n kw*) O(n kpw*) 

k  = domain size 
n  = number of variables 
w*= treewidth 
pw*= pathwidth 

w* ≤ pw* ≤ w* log n 

Queries; Satisfiability, optimization, counting 



AOBB+MBE(i):	
  won	
  PASCAL	
  compeDDon	
  2011	
  

l  AND/OR	
  Branch	
  and	
  Bound	
  searching	
  the	
  context-­‐minimal	
  
search	
  space	
  using	
  the	
  mini-­‐bucket	
  heurisDcs,	
  improved	
  by	
  
soe-­‐consistency…	
  

l  Placed	
  1st	
  in	
  all	
  three	
  MPE	
  tracks.	
  
	
  

l  Baseline:	
  AND/OR	
  Branch-­‐and-­‐Bound	
  with	
  mini-­‐bucket	
  heurisDc	
  .	
  
l  3rd	
  place	
  for	
  MPE	
  at	
  UAI	
  2010	
  EvaluaDon.	
  

l  Source	
  code	
  available	
  under	
  GPL:	
  
l  http://github.com/lotten/daoopt 



From	
  Context-­‐Minimal	
  to	
  Minimal	
  AND/ORs	
  
n  Any	
  two	
  nodes	
  	
  that	
  root	
  idenDcal	
  subtrees/subgraphs	
  (are	
  unifiable)	
  

can	
  be	
  merged	
  

n  Minimal	
  AND/OR	
  search	
  graph:	
  	
  closure	
  under	
  merge	
  of	
  its	
  AND/OR	
  
search	
  tree,	
  where	
  inconsistent	
  subtrees	
  are	
  pruned.	
  

n  Canonicity:	
  The	
  minimal	
  AND/OR	
  search	
  graph	
  AOMDD	
  is	
  unique	
  
(canonical)	
  for	
  all	
  equivalent	
  formulas	
  (Boolean	
  or	
  Constraints,	
  or	
  
weighted	
  GM),	
  consistent	
  with	
  its	
  pseudo	
  tree.	
  

n  AOMDD:	
  AND/OR	
  MulD-­‐valued	
  Decision	
  Diagrams	
  are	
  minimal	
  AND/
OR	
  search	
  graph	
  representaDon	
  

n  Complexity:	
  Minimal	
  AND/OR	
  GM	
  for	
  T	
  	
  is	
  exponenDal	
  in	
  the	
  treewidth	
  
along	
  T.	
  

	
  

	
  
	
  
	
  
	
  
	
  



Outline	
  
n  MoDvaDon	
  
n  Background	
  in	
  Graphical	
  models	
  
n  AND/OR	
  search	
  trees	
  and	
  Graphs	
  
n  Minimal	
  AND/OR	
  graphs	
  
n  From	
  AND/OR	
  search	
  graphs	
  to	
  AOMDDs	
  
n  CompilaDon	
  of	
  AOMDDs	
  
n  SemanDc	
  Width	
  
n  Empirical	
  	
  demonstraDon	
  
n  Learning	
  AOMDDs	
  
	
  

	
  



CompilaDon	
  of	
  Graphical	
  Models	
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Evaluate	
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Ordered	
  Binary	
  Decision	
  Diagram	
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  Simplify Merge terminal nodes 
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2) Remove redundant nodes 
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OBDD 
[Bryant86] 

Ordering enables efficient operations 
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AND/OR	
  CM	
  Graph	
  vs.	
  AOMDD	
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A B C f(ABC) 
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0 0 1 0 
0 1 0 0 
0 1 1 1 
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C 

0 1 
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0 1 
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0 1 
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For a constraint network 

AOCM AOBDD 



AND/OR	
  MulD-­‐Valued	
  Decision	
  Diagrams	
  

n  AOMDDs	
  are:	
  

n  Weighted	
  AND/OR	
  search	
  graphs	
  

n  Canonical	
  representaDons,	
  given	
  a	
  pseudo	
  tree	
  

n  Defined	
  by	
  two	
  rules:	
  
n  All	
  isomorphic	
  subgraphs	
  are	
  merged	
  
n  There	
  are	
  no	
  redundant	
  (meta)	
  nodes	
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Redundancy	
  and	
  Isomorphism	
  Rules	
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Outline	
  
n  MoDvaDon	
  
n  Background	
  in	
  Graphical	
  models	
  
n  AND/OR	
  search	
  trees	
  and	
  Graphs	
  
n  Minimal	
  AND/OR	
  graphs	
  
n  From	
  AND/OR	
  search	
  graphs	
  to	
  AOMDDs	
  
n  CompilaDon	
  of	
  AOMDDs	
  

n  Top	
  down	
  
n  Bojom	
  up	
  

n  AOMDDs	
  and	
  earlier	
  BDDs	
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Cost	
  Networks-­‐	
  Weighted	
  AND/OR	
  Tree	
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Weighted	
  AND/OR	
  Context	
  Minimal	
  Graph	
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AOMDD	
  –	
  CompilaDon	
  by	
  Search	
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AOMDD	
  –	
  CompilaDon	
  by	
  Search	
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AOMDD	
  –	
  CompilaDon	
  by	
  Search	
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AOMDD	
  –	
  CompilaDon	
  by	
  Search	
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Outline	
  
n  Background	
  in	
  Graphical	
  models	
  
n  AND/OR	
  search	
  trees	
  and	
  Graphs	
  
n  Minimal	
  AND/OR	
  graphs	
  
n  From	
  AND/OR	
  search	
  graphs	
  to	
  AOMDDs	
  
n  CompilaDon	
  of	
  AOMDDs	
  

n  Top	
  down	
  
n  Bojom	
  up	
  

n  AOMDDs	
  and	
  earlier	
  BDDs	
  
	
  

	
  



The	
  Apply	
  Operator	
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Example:	
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Complexity	
  of	
  CompilaDon	
  

n  The	
  size	
  of	
  the	
  AOMDD	
  is	
  O(n	
  kw*)	
  

n  The	
  compilaDon	
  Dme	
  is	
  also	
  bounded	
  by	
  
O(n	
  kw*)	
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k  = domain size 
n  = number of variables 
w*= treewidth 



Outline	
  
n  MoDvaDon	
  
n  Background	
  in	
  Graphical	
  models	
  
n  AND/OR	
  search	
  trees	
  and	
  Graphs	
  
n  Minimal	
  AND/OR	
  graphs	
  
n  From	
  AND/OR	
  search	
  graphs	
  to	
  AOMDDs	
  
n  CompilaDon	
  of	
  AOMDDs	
  
n  SemanDc	
  Width	
  
n  Empirical	
  	
  demonstraDon	
  
n  Learning	
  AOMDDs	
  
	
  

	
  



SemanDc	
  Treewidth	
  
n  Given	
  a	
  graphical	
  model,	
  there	
  may	
  exist	
  a	
  simpler	
  

equivalent	
  graphical	
  model	
  
n  SemanDc	
  treewidth	
  of	
  a	
  pseudo	
  tree:	
  The	
  smallest	
  

treewidth	
  over	
  equivalent	
  graphical	
  models	
  that	
  can	
  have	
  
that	
  pseudo	
  tree	
  

n  SemanDc	
  treewidth	
  of	
  a	
  graphical	
  model:	
  The	
  smallest	
  
treewidth	
  over	
  all	
  equivalent	
  graphical	
  models	
  with	
  any	
  
legal	
  pseudo	
  tree	
  

n  Theorem:	
  The	
  size	
  of	
  the	
  AOMDD	
  along	
  T	
  is	
  
O( ​𝑘↑𝑠𝑤(𝑇) )	
  	
  

n  Theorem:	
  CompuDng	
  the	
  semanDc	
  width	
  of	
  
T	
  is	
  NP-­‐hard	
  



Example:	
  SemanDc	
  Width	
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The SW of 4 queen is 1. 

The SW of an inconsistent network is 0, 
If we have k solutions, the sw ≤ k 



Width	
  of	
  AOMDD	
  
n  AOMDD	
  width:	
  	
  

n  S(T)	
  =	
  	
  	
  	
  number	
  of	
  AND	
  nodes	
  in	
  an	
  AOMDD	
  of	
  	
  a	
  T	
  ,	
  
then	
  	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  wao(T)	
  =	
   ​𝑙𝑜𝑔↓𝑘 S(T)-­‐	
  ​𝑙𝑜𝑔↓𝑘 n	
  -­‐	
  1.	
  
(Because	
  S	
  =𝑛   ​𝑘  ↑𝑤𝑎𝑜∗+1 )	
  

n  EffecDve	
  AOMDD:	
  
n  	
  Let	
  S(v)	
  be	
  the	
  number	
  of	
  AND	
  nodes	
  for	
  v:	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  eao(T)= ​​𝑚𝑎𝑥┬𝑣  ⁠𝑙𝑜𝑔𝑆(𝑣) 	
  
	
  	
  	
  	
  	
  	
  	
  	
  Clearly:	
  	
  	
  	
  	
  	
  	
  wao(T)	
  ≤𝑠𝑤(𝑇)	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  eao(T)	
  ≤𝑠𝑤(𝑇)	
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AOMDD	
  Example	
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3 5 

0 

1 

2 4 

3 5 
Bayesian network 

structure Pseudotree 

[] 

[0
] 

[0,1] 

[1,4] 

[0,1] 

[1,2] 



DemonstraDng	
  the	
  Impact	
  of	
  AOMDD	
  

n  Parameters	
  generated	
  randomly	
  
n  With	
  no	
  addiDonal	
  properDes	
  (M1)	
  
n  With	
  idenDcal	
  CPTs	
  on	
  a	
  variable	
  (M2)	
  
n  With	
  determinism	
  (M3)	
  

	
  
n  3	
  representaDons:	
  

n  CM	
  AO	
  graph	
  with	
  pruning	
  for	
  determinism	
  
n  MDD	
  
n  AOMDD	
  	
  



Model:	
  random	
  parameters	
  (M1)	
  
CM AO, 
120 AND nodes 

AOMDD, 
120 AND nodes 

MDD 
228 AND nodes 

Model OR 
Tree 

AO 
Tree 

CM AO MDD AOMDD 

M1 1092 258 120 228 120 

M2 1092 258 120 99 66 

M3 366 30 30 24 21 

0 

1 

2 4 

3 5 



Model	
  :	
  (some)	
  idenDcal	
  parameters	
  (M2)	
  

MDD, 
99 AND nodes 

AOMDD 
66 AND nodes 

CM AO,  
120 nodes 

Model OR 
Tree 

AO 
Tree 

CM AO MDD AOMDD 

M1 1092 258 120 228 120 

M2 1092 258 120 99 66 

M3 366 30 30 24 21 

0 

1 

2 4 

3 5 



Model:	
  (some)	
  idenDcal	
  parameters	
  with	
  determinism	
  (M3)	
  

CM AO 
30 AND nodes 

AOMDD 
21 AND nodes 

MDD, 
24 AND nodes 

Model OR 
Tree 

AO 
Tree 

CM AO MDD AOMD
D 

M1 1092 258 120 228 120 

M2 1092 258 120 99 66 

M3 366 30 30 24 21 

0 

1 

2 4 

3 5 



AOMDD-­‐width	
  

n  AOMDD-­‐width	
  	
  
n  logk(#AOMDD-­‐AND)	
  –	
  logk(n)	
  -­‐	
  1	
  

Model #AOMDD-
AND 

AOMDD-
width 

M1 120 ~1.73 

M2 66 ~1.18 

M3 21 ~0.14 

Model SW 

M1 2 

M2 2 

M3 1 



A	
  Larger	
  Example	
  

Bayesian network 
structure 

Pseudotree 

0 

1 

2 4 

3 5 

6 7 8 9 

10 11 12 13 

0 

1 

2 4 

3 5 

6 7 8 9 

10 11 12 13 

[] 

[0] 

[0,1] [0,1] 

[1,2] 

[2,3] 

[3,6] 

[1,4] 

[4,5] 

[5,9] 

[4,5] 
[4,5] 

[5,8] [3,7] 



CM	
  AO:	
  (some)	
  idenDcal	
  parameters	
  	
  
with	
  determinism	
  (M3)	
  

AOMDD 
96 AND nodes 

CM AO 
168 AND nodes 

Model OR 
Tree 

AO 
Tree 

CM AO MDD AOMD
D 

M1 7174452 4080 336 8976 336 

M2 7174452 4080 336 666 144 

M3 3420 222 168 324 96 

AOMDD, 
96 AND nodes 

MDD 
324 AND nodes 

wao(M1,M2,M3)=(2, 1.2, 0.85) 
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  models	
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  search	
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  demonstraDon	
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Empirical	
  EvaluaDon	
  

n  Bayesian	
  Networks	
  (UAI	
  2006	
  evaluaDon)	
  
n  Weighted	
  CSPs	
  
n  Randomly	
  generated	
  Bayesian	
  Networks	
  
n  Pedigree	
  networks	
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MAX-­‐SAT	
  Instances	
  (ILP)	
  

Results for dubois MAX-SAT instances 



Bayesian	
  Networks	
  Repository	
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Size (number of nodes), time (seconds) 



Effect	
  of	
  Variable	
  Ordering	
  



AOMDD	
  CompilaDon	
  Results	
  

name n w h k # functions time (s) CM OR 
AOMDD 
Meta CM AND 

AOMDD 
AND 

Effective 
semantic 
width 

Max 
UniqueTable 
Memory 
(MB) 

Max 
Operation 
Cache 
Memory 
(MB) 

Compiled 
AOMDD 
memory 
(MB) 

BN_42 850 20 50 2 879 93 5623680 25901 11237360 51802 10.35 203.5 189.65 5.41 

BN_43 850 21 50 2 881 484 22731586 148255 45463172 296510 13.76 1181.3 1024 30.88 

BN_44 850 21 53 2 880 394 11681649 80878 23363298 161756 13.58 962.73 822.8 16.81 

BN_45 850 21 56 2 875 140 15778481 122816 31556962 245632 13.58 292.29 305.16 25.1 

BN_46 850 19 47 2 499 268 4277086 4352 8554172 8704 8 618.04 492.24 0.93 

(Lam and Dechter CP 2012) 



AOMDD	
  CompilaDon	
  Results	
  

name n w h k # functions time (s) CM OR 
AOMDD 
Meta CM AND 

AOMDD 
AND 

Effective 
semantic 
width 

Max 
UniqueTable 
Memory 
(MB) 

Max 
Operation 
Cache 
Memory 
(MB) 

Compiled 
AOMDD 
memory 
(MB) 

BN_42 850 20 50 2 879 93 5623680 25901 11237360 51802 10.35 203.5 189.65 5.41 

BN_43 850 21 50 2 881 484 22731586 148255 45463172 296510 13.76 1181.3 1024 30.88 

BN_44 850 21 53 2 880 394 11681649 80878 23363298 161756 13.58 962.73 822.8 16.81 

BN_45 850 21 56 2 875 140 15778481 122816 31556962 245632 13.58 292.29 305.16 25.1 

BN_46 850 19 47 2 499 268 4277086 4352 8554172 8704 8 618.04 492.24 0.93 



Recent	
  Experiments	
  (Lam	
  and	
  Dechter	
  cp	
  2012)	
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The	
  power	
  of	
  hidden	
  variables	
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The AOMDD width can be far far smaller than the SW: 
aow = 2, sw=n for parity 



Summary	
  
n  Weighted	
  AOMDD:	
  a	
  more	
  compact	
  
representaDon	
  than	
  MDD	
  and	
  ADD	
  for	
  all	
  
graphical	
  models.	
  Comparable	
  to	
  ACE	
  (Darwiche)	
  

n  Explicate	
  structure	
  hidden	
  in	
  the	
  funcDons	
  
n  Canonical	
  for	
  a	
  model	
  along	
  a	
  pseudo-­‐tree	
  
n  Provides	
  	
  a	
  lower	
  bound	
  on	
  the	
  “best	
  structure	
  
size”	
  

n  SemanDc	
  width:	
  shedding	
  some	
  light	
  on	
  instance	
  
difficulty.	
  

n  AOMDD	
  width(s):	
  	
  	
  lower	
  bound	
  on	
  SW	
  
n  AOMDD	
  may	
  be	
  learned	
  directly	
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Thank You !! 


